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'FUZZY MODELS OF FIRST ORDER LANGUAGES
1

by A. o1 Nora and.G. GERLA in Napoli (Italy)

- 1. Introduction : s ' ‘ S ,

In order to give a general approach to. fuzzy set theory, we utilize the concepts of
generahzed algebra and realization (in this paper we call them valuation structure and
- fuzzy model, respectively) given by H. Rastowa and R.Sikorski in [13], [15] and °
others papers. Namely we treat the valuation structures of a given type and the fuzzy
models of a given first order language in a suitable categorial setting and we, prove
that these categories have direct products. Also we define and examine congruence
and quotient concepts for valuation structures and fuzzy models. Moreover, we prove
that direct product and quotient operations preserve the first order properties (see

* also [16]). Still a very general concept of quantifier enable us to propose new defini.
tions of fuzzy entropy (degree of fuzziness) for a fuzzy relation. Finally, by utilizing
the quotlent concept, we examine the question' of associating to a fuzzy model .# a

"~ suitable ““crisp version”, i.e. a classic model ' with the “same” first order properties

of .#. In order to 111ustrate by an example, the possible applications of the above
~-results, we refer constantly ourselves to the fuzzy algebras [14], [4], even if all the
resulfs hold for many other objects of investigation of fuzzy set theory. For example
they hold for the fres, ‘pure, left unitary, right unitary, unitary fuzay. subsemigroups.
“[71, [8], [10}, moreover for fuzzy graphs anid similarity relations [1,-1]

2 The category of the valuation structures

We denote by N the set of natural numbers and by N* the set N | {0}. A type for
a v%ﬁl “structure is a family of disjoint sets v = (@, Cy,Cy,...,C,, .. ). If .
G -4+ 8, the elements of § are called quantifiers, if T, + 8, the elements of C, are called
n-ary tonnectives. A valuation structure or ge")zeralized_alggbyd (s8e 113], T18]) "of type v
is a pair ¥~ = (V, I), where V is a set (the true values set) and I (the interpretation)
wap defined in @\ |J{C,| n € N} such that I associates

a) to every & € C, an n-ary operation ¢ = I(§) of V,

~b) to ex’rery quantifier § € @ a map ¢ = I(§) from a class D, of subsets of V to V;

- D, is called the domain of gq.
We.set Q@ = {1(G) |7e€@}, C, = {I@€)|¢eC,} and C = Y{C,| n e N}. We can also
denote ¥~ =-(V, I) by (V, C, @). In other words a valuation structure is determmed.
. by.an-erdinary algebraic structure (V, C) and, if @ + 0, by a set of infinitary’ opera
tions Q. A valuatxmture is complete if D, = P(V) for every g€ Q. .

If (V,I) and (V', I') are two _valuation structures of the same type, then a homo-
morphism from (V, I) to. (V’, I’) is a map k: ¥V — V' such that for every ¢ e C., 7@,
Vi,.. 0V, XeD,
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(21) k(G('IJl, e ’Un)) = C’(k(?)l), g '.'3 k(?),,)),
(2.2) k(X)e D, and k(X)) = ¢'(k(X)),
where ¢ = I(€), ¢/ = I'(E), ¢ = I(q), ¢ = I'(§).

It is obvious that the valuation structures of a given type v constitute a category
V() with respect the above defined homomorphisms. In the case @ = {3, v},
Co ={t,f}, C; = {~} and 0, = {v, A, >} there exist many interesting examples of
full subeategories of V(r). For example the categories of the Boolean, the Fukasiewicz
or the Heyting algebras, where I(V) and I(3) are infimum and supremum operators,
respectively. If C; = {~,[J}, we can obtain the categories of the modal algebras.
All these categories are a tool to found a semantic for the corresponding first order
logic. In the sequel we denote by %, the two elements Boolean algebra and by £,
the IiiaSiausicz algebra (V,, I.), where ¥V, is the real unit interval [0, 1] and -
L.(t) = 1, I(f) =0, I.(A) (z, y) = min (2, y), I.(v) (2, y) = max(z,y), LI.(~)(z) =
=1—u I(V) (M) =inf M, I.(3) (M) = sup M, for 2, y €[0,1] and M < [0, 1).

Let S be a set and ¥~ a valuation structure. An n-ary fuzzy relation or ¥ -relation
is any map r: 8" — V. An l-ary fuzzy relation is also named fuzzy subset or ¥ -subset
of 8. If ¥ is ordered and u € ¥, then C(u) = {{(2y,...,2,) eS8 |r(x,,..., z,) = u}
is called the w-cut of r. If ¥” is an ordered set with minimum 0 and maximum 1, then -
a ¥ -relation r such that r(x) € {0, 1} for every z € 8 is called crisp. Then we can iden-
tify the classical relations with the crisp relations via the characteristic functions. All
these definitions are obvious generalizations of those given in literaturé when 7is
the algebra Z,, [17] or a lattice [11]. The following proposition shows that the category
of the valuation structures of a given type has direct products.

Proposition 2.1. The category V(z) of the valuation structures of a given type v his
direct products. Namely, let (¥";),.; be a family of objects of V(z), where ¥", = (V,,I,) =
=(Vy, Ci, @), and let ¥ = (V,I) = (V, C, Q) be defined by ‘

(i) (V, C) equal to the direct product of {(V,, Cters
(i) D, ={Xc¥ |foreveryicd: p(X)e Dq'}? o
(i) g(X) = {q(pi(X))ies

where py;: V — V, is the i-projection, €@, q, = 1,(g), ¢ = I(@). Then ¥ is the direct”
product of the family {¥",>;.; with.respect to the family {PDics 0f homomorphisms,

Proof. It is obvious that p, is.a homomorphism from ¥~ to ¥”,. Let ¥~ be a valua- _
tion structare and, for every i € J, let k,: V' —» V; be a homomorphism. We have to
prove that there is a homomorphism k such that for every ¢ € J the following diagram
commutes:

!
~—

V'—k—>V
i\ l t
k N i 7
£

e

Define k: V' — V by setting k(v) = (k;(v));s for everzv e V'. Let ¢’ € Q" and X € D,,..
Then p,(k(X)) = k,(X} for every ieJ. This proves that %(X)e D,. Moreover
q(k(X)) = {G(@P:((X)ies = qulki(X)1es = {bilg (X))1er = E(g'(X)):
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3. Congruences and quotients of valuation structures

A congruence y of a valuation structure ¥~ = (V, C, @) is a congruence of the alge-
brate structure (V, O) compatible with the quantifiers if there are. This means that
for everygeQandX YeD,
(3.1)  [X], = [Y],=[¢X)], = [g(T)],
where [Z], = {[2], € V/y; | z€ Z} for every Z = V. The quotient of ¥~ by y is the

valuation structure ¥y =¥ /vy = (V’ Q,C) such that (V’, C") is the quotient of
(V, C) via p and, for every g eQ if ¢ = I'(G), then D, = {[X],| X € D,} and
(3.2) [X]w) = [¢(X)], for every X e D,.

The following proposition shows that the usual homomorphism theorems hold.

Proposition 3.1. Let ¥ = (V,C, Q) and let ¥ = (V', (", Q') be two valuation
structures and k: ¥ — ¥ a homomorphism. Then the relation
(33) w—{xer"lk = k(y)}
is a congruence relation of ¥, the kern of k. Conversely, if y 15 a congmence of ¥ and ¥’
the relative quotient, the map k: V — V' defined b

(3.4) k(x ) [}, foreveryxeV "a\j\ ﬁ.

is @ homomorphism whose kern is p. N\ - V""r

“The proof is as usual.

4. Fuzzy models

Now we will utilize the.valuation structures in order to give a generalized definition
of semantics (see [13], [15]). A (generalized) first order language is a first order language
(in the classical sense) with a type for a valuation structure, ie. a (generalized) first

* oder language is given by a system UF D mens {Bndmens @, {Cdmeny of disjoint sets.

For any m e N the elements of F, and R, will be called m-argument functors and
pred@caéeag respectively. We set F UEM, R = UR,,. Terms, open and closed formulas
are defined as usual. # denotes the set of all formulas, .# denotes the set off all closed
formulas. By #, we mean the set of all formutas whose free or bound variables are
in {x,,...,,} and we write x[z,, ..., x,] to denote that « belongs to %#,. A fuzzy
model or a realization for @ is a triple 4 = (D, V, I) such that D is a set (the domain),
V is a set (the waluation set) and I (the interprétation) is a map such that V together
the restriction of I to the type @ v (UC,) is a valuation structure, and [ associates

a) to every functor f € F,, an m-argument operation f = I{f) of D, “~ 4
' 10—

b) to every predicate 7 € R,, an m-ary V-relation r = I(F).A A

We set F,, = {I()|}eF,}, R, ={I(F|FeR,}, F=UF,, B=UR,. Observe
that a fuzzy model M is completely determined by the classical algebra A(#) = (D, F),
the valuation structure V(.#) and the set R of fuzzy relations. The valuation of the
formulas of @ with respect to 4 = (D, V, I) is defined as follows: If t(z,,...,2,)
denotes a term whose free variables are in {x,,...,x,} and d,, ..., d, € D, then the
value t{d,, . .., d,) of t in dy, .. .,d, with respect to A is defined as usual. Hfxel,,
then o{M, &[d,, . .., d,]), the value of & vn d,, . . ., &, with respect to, A is defined by
























