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Introduction.

Assume that S is a (crisp) deduction apparatus in Hilbert style defined by a set 4 of logical axioms and
a set Ir of inference rules. Then, given an operation ® in the real interval [0,1] satisfying suitable
properties, an extension principle enables us to extend Sto a fuzzy deduction apparatus S° whose
fuzzy set of logical axioms is again 4 and whose fuzzy inference rules are obtained by a suitable
extension of the inference rules of S via the operation © (see [1], [7], [8]).

In this paper we extend such an approach by considering any complete lattice L equipped with an
operation © which is distributive with respect to the finite and infinite joins. In particular, we are
interested to the extension of the classical propositional calculus in the case L is a complete Boolean
algebra B and © is the usual meet operation. In such a case we obtain a "Boolean” logic rather
different from the truth-functional Boolean logics usually considered in literature. Indeed, in this logic
the theories (i.e. fuzzy subsets of formulas closed under deductions) are Boolean valuations which are
not truth-functional, in general. As a matter of fact, these theories are very similar to the necessity
measures and only the complete and totally consistent theories coincide with the truth-functional
valuations in B. Again, by considering a finitely additive probability in B, we relate the theories of the
proposed logic with the (generalized) belief measures as defined in [5] and [13]. In such a way we
obtain an inferential apparatus, probabilistic in nature, in which both incompleteness and inconsistency
are admitted. Finally, we consider the "concrete” examples based on a possible worlds semantics, i.e.
we set B = P(W) where W is a set whose elements we interpret as "possible worlds" or "past cases”.
As sketched in [4], this enables us to design expert systems able to give information about an actual
case by referring to stored information about similar past cases.

1. Preliminaries.

Let L = (L, A, v, 0, 1) be any complete and distributive lattice. We say that an element x in L is
complemented if x' € L exists such that xvx' = 1 and xAx’ = 0. In such a case x’ is called the
complement of x and it is denoted by —x. If x is a complemented element, then we write x—y to denote
the element -xvy. We indicate by B(L) the class of complemented elements of L. Such a class defines a
Boolean algebra, namely the largest Boolean sub-algebra of L (see [3]). Trivially, if L is totally
ordered, then B(L) = {0,1}.

Proposition 1.1. Given any AeL, [A,1] is a complete lattice whose zero element is A. If x is a
complemented element of L, and xe[A,1], then x— 1 is the complement of x in [4,1]. Consequently,
B(L)N[4,1] < B([A,1]) while B([4,1]) = B(L)N[4,1] if and only if 1 is complemented. In particular, if
L is a Boolean algebra, [4,1] is a Boolean algebra, too.

Proof. Observe that if x is complemented and xe[A,1], then xA(-xvA) = (xA-x)v(xAd) = 4 and xv(-
xvA) = (xv-x)vA = 1. Also, assume that A is complemented and that xe B([4,1]). Then, if x' is the



complement of x in [A,1], we claim that x'A-A is the complement of x in L and therefore that x €
B(L)N[A,1]. Indeed, since -4 > -x, itis -Avx > -xvx = 1, and therefore

(x'A-Dvx = (xXVOOA(-Avx) = -Avx = 1.
Moreover, (x'A-)Ax = (x'Ax)A-A = An-A = 0.This proves that B([A,1]) = B(L)N[A,1]. Conversely,
assume that B([4,1]) = B(L)N[A,1]. Then, since A€ B([4,1]), we have that Ae B(L) and therefore that A
is complemented. U

Given a set S and a complete lattice L = (L, A, v, 0, 1), an L-subset or fuzzy subset of S is any map s
: S —> L from Sto L. For any x € S, we interpret s(x) as the membership degree of x in s. Given two L-
subsets s and s', we say that s is contained in s', in brief s  s', if s(x) < 5'(x) for every x in S. The union
and the intersection of two L-subsets s and s’ are defined by setting, for any xe.5, (sUs")(x) = s(x)vs'(x)
and (sMs')(x) = s(x)As'(x), respectively. More generally, we define the union and the intersection of a
family (s,);c; of L-subsets by setting, for any x € S, (U;c;5,)(x) = Supic;si(x) and (N;er8:)(x) = Inficrs{x),
respectively. Under these operations the class L® of all L-subsets of S is a complete lattice. Indeed,
such a lattice is the direct power of L with index set S. Also, L® is an extension of the Boolean algebra
P(S). In fact, we can associate any classical subset X of S with its characteristic function, i.e., the L-
subset cy defined by setting c(x) = 1 if x € X, and cy(x) = 0 otherwise. The resulting map is an
injective homomorphism from the lattice P(S) into the lattice L°. This enables us to identify P(S) with
{0,115, In other words, if we call crisp the L-subsets assuming only the Boolean values 0 and 1, we
can identify the subsets of S with the crisp L-subsets. In particular, we identify & with the map
constantly equal to 0 and S with the map constantly equal to 1. Given an L-subset s : S — L of § and
AeL we call A-cut the classical subset

C(s,A) = {xe S : s(x)>A4}.

Since s(x) = Sup{leL : x € C(s,A)}, any L-subset is characterized by its family of cuts.

2. Fuzzy inferential apparatus
Let F be a set whose elements we call formulas, then we define a (crisp) Hilbert system as a pair S =

(4, Ir) where A is a subset of F, the set of logical axioms, and Ir is a set of inference rules. In turn, an
inference rule is a partial n-ary operation » on F whose domain we denote by Dom(r). We say that a

set T of formulas is closed with respect to the inference rule r if, for any xy,...,x,, € F such that (x,...,x,)
€ Dom(r),
x1eTl,..x,eT = rix,.,x,) €T

We say that T'is a theory if T contains the set 4 of logical axioms and it is closed with respect to all the
inference rules. A proof mof a formula a under a set X of hypothesis is a sequence a,...,, of
formulas such that ¢, = « and, for any 1< i < m, either

(i) o;isanelement in 4, or

(i1) ¢« is an element in X, or

(111) & = r(Ayy,- .-, Omy) Where r is an inference rule and s(1)<i, ..., s(n)<i.
If a proof 7 of o under hypothesis X exists, then we write X + a. We say that « is logically equivalent
with o' provided that a + @' and ' + « and in such a case we write a = «'. Also, we call deduction
operator associated with S the operator D : NP(F) — P(F) defined by setting,

DX)={ae F:XFa}.
In other words, D(X) is the set of formulas we can prove from X. It is easy to prove that D is a

compact closure operator and that the fixed points of 9 coincide with the theories. In particular, D(X)

is a theory we call the theory generated by X.
We extend these definitions in accordance with J. Pavelka [10] by defining an L-Hilbert system as a

pair S = (a, Ir) where a is an L-subset of F, the L-subset of logical axioms, and Ir is a set of L-
inference rules. In turn, an L-inference rule is a pair r = (+',r"), where r' is a partial n-ary operation on
F whose domain we denote by Dom(r) and r"” is an n-ary operation on L preserving the least upper

bound in each variable, i.e. satisfying the condition 7"(x,..., Supic; Viy -vr X)) = SUPici F"(X15 eey Vis eey Xn).
We indicate an application of an inference rule » by the picture



Ay O, ' Asees A,

F(@yena,) (A dy)
whose meaning is that:
IF you know that ay,...,q, are true (at least) to the degree Ai,...,4,
THEN  r(ay,...,q,) is true (at least) at level »"(4y,...,4,).
We say that an L-subset s of formulas is closed with respect to an L-rule r = (r';r") if
s(r'(an,...,a)) 2 r'(s(a),....s(a)).

We call theory any fuzzy subset 7 of formulas containing the L-subset of logical axioms and closed
with respect to the L-inference rules. This extends the classical notion of a theory as a set of formulas
closed under deductions. A proof & of a formula a is a sequence aj,...,c, of formulas such that ¢, - «,
together with the related "justifications". This means that, for any formula ¢;, we must specify whether

(1) ¢, is assumed as a logical axiom; or

(i) «; is assumed as a hypothesis; or

(iii) ¢ is obtained by a rule (in this case we must indicate also the rule and the formulas from

ay,...,oq 1 used to obtain o).

Observe that we have only two proofs of o whose length is equal to 1: the formula o with the
justification that « is assumed as a logical axiom and the formula o with the justification that « is
assumed as a hypothesis. Moreover, as in the classical case, for any i < m, the initial segment «,...,o;
is a proof of a; we denote by 7(i). Let v : F— L be a fuzzy subset of formulas we call initial valuation

and let 7 be a proof of a. Then we define the valuation Val(w,v) of = with respect to v by induction on
the length m of 7 by setting

a(ct,) if a,, is assumed as a logical axiom,
Val(m,v) =4 v(a,) if «, is assumed as a hypothesis,
r"(Val(a(i(1)),v),...,Val((i(n)),v)) if o, = r'(ay,. .., Gin)

where, 1< i(1)<m,...,1< i(n)<m. The meaning we assign to Val(r,v) is that: given the information v, «
assures that o holds at least at level Val(r,v). Differently from the crisp case, the justifications are
necessary since different justifications of the same formula give rise to different valuations. Also,
different proofs of the same formula can lead to different valuations and this suggests the following
definition.

Definition 2.3. Given an L-Hilbert system S, we call deduction operator associated with S the
operator D : L” — L" defined by setting,
D) @)= Sup{Val(my) : & is a proof of o}, 2.1

for every initial valuation v and every formula c.

The meaning of D(v)() is still

given the information v, we may prove that a holds at least at level D(v)( ),
but we have also that
D)) is the best possible valuation we can draw from the information v.

The following theorem shows some basic properties of the operator D (see [10] and [8]).

Theorem 2.4. The deduction operator D : L" — L" of an L-Hilbert system is a continuous closure

. F .
operator, i.e., for every v, v' € L", and (v,),cy Order-preserving sequence of L-subsets

) Dv)ov; i) D(DW) =D(v) ;
i) vev'=DWv)cDW); iv)  DU,cwvn) = Uen Dv,).



Moreover, the fixed points of D coincide with the theories.

Differently from the crisp Hilbert systems, fuzzy Hilbert systems are able to manage inconsistency.

Definition 2.5. We call degree of inconsistency of an initial valuation v the value

Inc(v) = Inf{DW)(): a € F}. (2.2)

We say that v is totally consistent (totally inconsistent) if /nc(v) = 0 (if Inc(v) = 1, respectively).

In accordance, we call totally inconsistent theory the map in F constantly equal to 1. Then, a valuation
v is totally inconsistent if D(v) collapses into the totally inconsistent theory.
In [10], Pavelka defines an L-semantics or fuzzy semantics any class M of L-subsets of F. An

element m € M is a model of an initial valuation v provided that m > v. In such a case we write m E v.

Any L-semantics is associated with a logical consequence operator Le : L* — L* defined by setting,
for any L-subset of formulas v,
Le(vy=N{m e M :mEv}. (2.3)

Definition 2.6. An L-logic or fuzzy logic is an L-semantics M together with an L-Hilbert system such

that Lc = D, i.e. the logical consequence operator coincides with the deduction operator.

3. Canonical extensions of the classical propositional calculus
An interesting class of L-Hilbert systems is obtained as follows. We assume that the lattice L is
equipped with an associative, commutative operation © satisfying the identity 16x = x and the
distributivity condition

(Supicp)ox = Sup;c; (x,0x)
for any family (x;);c; of elements in L and xeL. Trivially, © is order-preserving and x©0 = 0. Typical
examples are obtained by assuming that L is the interval [0,1] and © is a continuous triangular norm.
For instance, we can consider the usual product or the Lukasiewicz norm.

Definition 3.1. Let (4,/r) be a crisp Hilbert-system. Then given an n-ary crisp rule relr, we call
canonical ©-extension of r the L-rule (’,r”’) defined by setting »’ = r and r”(4,...,4,) = 4,0... OA,.
We call ©-canonical extension of (A4,Ir) the fuzzy Hilbert system (c4,/r°) such that :

- the L-subset of logical axioms is the characteristic function ¢4 of 4

- the set Ir° of inference rules is the set of canonical @-extensions of the rules in Ir.

If we denote by D the deduction operator of (4,/r), then we denote by D° the deduction operator of

the ©-canonical extension of (4,1r). In this paper we are interested to the extensions of the classical
propositional calculus, i.e. we assume that

- FFis the set of formulas of the propositional calculus whose logical connectives are A, v, and — (we
denote by A and v both the logical connectives and the lattice operations in L) ;

- ¢4 18 characteristic function of the set of all the tautologies ;

- the (only) inference rule is the L-extension of the Modus Ponens rule

0(,0(—)& ; X,y
B xXQy

We have the following theorem extending a theorem proved in [7].

Theorem 3.1. Let D° : L” —L" be the deduction operator of the ©-canonical extension of the classical

propositional calculus. Then, for any veL™ and acfF,



1 if ais a tautology,
D)) = (3.1)
up{v(oy)o...ov(a,) : a, ...,0,F a}  otherwise.

Proof. If « is a tautology is evident that D°(v)(a) = 1. Otherwise, set & = Sup{v(a,)0... ov(a) :

ay,...,a, + a} and assume that a,...,a, are formulas such that ¢,...,a, + a.. Then, by the Deduction
Theorem, oy — (... (o, = @)) is a tautology, and therefore the sequence

a, (),

am: ;’&(Zn),

a = (... (a4, > a) 1,

> (... (a0, > @), 1ov(en) = v(ay),
0;,1“—> a v.(;x.l)e...ev(an_l),
a v(a)o...ov(a,).

is a proof 7 of a such that Val(rz,v) = v(a)®...0w(a,). This proves that v(a;)e...0v(a,) < D°(v)(a) and
therefore 4 < D°(v)(a). To prove that h > D°(v)(a), it is sufficient to prove that 4z > Val(x ,v) for any
proof 7 of « in the canonical extension. Indeed, assume that «,...,a; are the hypotheses used in 7.
Then, n(1), ..,n(h) exist such that Val(zy) = v(ar)"" o...0v(a,)""”. By observing that a,....a, + o and
that

v(en)" Vo...ov(ap)™” < v(ay)o...on(ay),
we conclude that Val(z,v) < h. 0

We call ©-theory any theory of the ®-canonical extension of the classical propositional calculus, i.e.
any fixed point of D°. Obviously, an L-subset 7 of formulas is a ©-theory iff

j) d@) =1 for any tautology «

i) 1P = da)oda—p) for any aand S in F.
It is evident that the crisp ©-theories coincide with the (characteristic function of the) classical
theories. The following theorem summarizes the main properties of the ©-theories. We say that an L-
subset of formulas v is compatible with the logical equivalence = if

a=pfp = v(a)=vp).

Proposition 3.2. Let 7 be a ©-theory. Then the following properties hold true:
D arp = @< apy

1) 7is compatible with the logical equivalence;
i) da)Adf) 2 danp) 2 da)odf);
) davp)z davap).

Proof. Propositions i), ii) and iv) are evident. To prove iii), observe that, since anfS + @ and anf+
B, we have that (anf) < da) and danP)<1(f) and therefore that (an )< a@)A(f). Moreover, since
P+ a—>(anp), we have that o f)<a—>(anrf)), and therefore

anp) = da)od a—>(anp))z x)on f). [

The following proposition characterizes the ©-theories.

Theorem 3.3. An L-subset t: F— L is a O-theory iff, for any o and p,
D arp = day<dp);
i) «atautology = da)=1;
i) danp) 2 da)odp).



Proof. By Proposition 3.2 any ©-theory satisfies j), jj) and jjj). Conversely, assume that 7 satisfies j)
and jjj). Then, since
na)oda—p) < dara—p) = tanp) < 1p),
ris closed with respect to Modus Ponens rule. Then, by jj), 7 is a ©-theory. 0

The following proposition characterizes the degree of inconsistency of an initial valuation.

Proposition 3.4. Let v be an initial valuation. Then,
Inc(v) = Sup{v())o...on(a,) : a, ..., are inconsistent} 3.2)
and, given any contradiction @,

Inc(v) = D°(v)(9), (3.3)

Proof. (3.2) is evident. To prove (3.3) observe that, since ¢ + « for any formula ¢, from ii) of
Proposition 3.2, we have that D(¢) < D°(a). 0

The following proposition shows that there are theories with any inconsistency degree.

Proposition 3.5. Let f: L — L be an order preserving mapping such that (1) = 1 and f{xoy) >
Sx)of(y). Then, for any ©-theory t, the L-subset f{7) = fot is a ©-theory such that
Inc(f( 7)) = f(Inc(7)).

Consequently, for any A € L, a O-theory exists whose inconsistency degree is A.

Proof. Assume that « is a tautology. Then f(7)() = A ) = (1) = 1. Also, since «(f) =
a)oda—p), we have also that () > Ada)oda—p)) = A a)of(«(a—f)). This proves that f{ 7)
is a theory. Obviously, given any contradiction ¢, we have that Inc(f{( 7)) = f{o(§)) = fllnc(7)).

To prove that a ©-theory exists whose inconsistency degree is A, let f: L —L be the mapping
defined by setting f{x) = 1 if x = 1 and f{x) = A otherwise. Then it is easy to prove that fis order-
preserving and that f{x©y) > fix)of(y). Let 7 be the characteristic function of a classical consistent
theory. Then f{7) is an ©-theory such that Inc(f{ 7)) = f(Inc(7)) = f0) = A. 0

4. A-canonical extension

In this section we assume that © is the meet operator A in L and therefore that the distributive law

(Supicp)rnx = Sup;cr (xinx)

holds. In such a case given a theory 7z, by iii) of Proposition 3.2, da)A7(f) = ©w(arp), while the
equation (anf) = da@)on(p) fails, in general. In fact, assume that © is not idempotent, for example
that AoA4 # A. Also, consider a consistent classical theory 7" and a formula o ¢ 7. Then by setting f{x) =
xvA, by Proposition 3.5, 7= focr is a theory such that 7(a) = A. On the other hand, f(arn@) = ®(a) = 1 #
A0 = (a)od a).

The following theorem shows that the A-theories are very similar to the necessity measures as
defined in [2] or in [6].

Theorem 4.1. An L-subset t: F— L is a n-theory iff, for any o and p,

1) 7is compatible with the logical equivalence ;

ii) o tautology = a)=1;

iii) (anpf) = da)rt(f).

Proof- By Proposition 3.2 any A-theory satisfies 1), ii) and iii). Conversely, assume that 7 satisfies 1)
and iii). Then, since (A a—p) = (ara—p) = darf) = da)AT(P) < 1 f), tis closed with respect

to Modus Ponens rule. Thus, by ii), 7is a A-theory. 0

It is also possible to characterize the A-theories by the related cuts.



Theorem 4.2. An L-subset 7 : IF — L is a n-theory iff, for any A€L, the A-cut C(t,A) is a classical

theory. Moreover,
Inc(v) = Sup{A €L : C(v,A) is inconsistent}. “4.1)

Proof. Let 7 be a A-theory, AeL, and f be the mapping such that fix) = 1 if x>4 and fix) = 0
otherwise. Then f'is order preserving and such that f{xAy) > fix)Af(y) and therefore f{7) is a A-theory.
Since f{ 7) is the characteristic function of the cut C(z,1), such a cut is a theory.

Conversely, assume that each C(7,4) is a theory. Then, since C(z,1) is a theory, for any tautology o
we have that o € C(z,1) and therefore that (@) = 1. Let o and S be two formulas and set 4 =
Ha)rtda—p). Then, since aeC(r,A) and a—f € C(1,4) we have that f € C(r,4) and therefore that
1 p) > 1= t(a)Art(a—p). This proves that 7is a A-theory.

To prove (4.1), observe that, by (3.3),

Inc(v) = Sup{v(a)A ... A\V(a,) : ay, ... ,q, is inconsistent}.
Now, if a,...,q, are inconsistent formulas and 4 = v(ay)A ... Av(a,), then C(v,1) is inconsistent. This
proves that Inc(v) < Sup{1 €L : C(v,A) is inconsistent}. Conversely, assume that C(v,A) is inconsistent.
Then an inconsistent set of formulas «y, ... ,a, exists such that v(a)A ... Av(«,) = A. This proves that
Inc(v) 2 Sup{A €L : C(v,A) is inconsistent}. O

We extend the classical notion of completeness as follows.

Definition 4.3. Let v : /— L be an initial valuation. We say that a formula « is decidable in v if,
D'V (vD " "(v)(—a)=1. 4.2)
and that v is complete if any formula is decidable in v. We denote by M the class of all complete and

totally consistent theories, by M the class of all complete theories.

Trivially, if v is complete and v'Dv, then v’ is complete, too. Differently from classical logic, the notion
of a complete theory is different form the notion of maximal theory. For example, let L = [0,1] and let
7 be the characteristic function of a complete theory (in classical propositional calculus). Then for any
A # 1 the fuzzy set 7vA is a complete theory which is not maximal. Indeed, as a matter of fact, in such
a logic no maximal theory exists.

The notion of completeness is related with the notion of truth-functional valuation.

Definition 4.4. A (Boolean) truth-functional valuation in L is a truth-functional valuation in the
Boolean algebra B(L), i.e. amap m : F — B(L) such that

A m(anp) = m(a)am(p) ;
Ay)  m(avp)=m(a)yvm(p) ;
A3) m(—|a) = —m(a).

Observe that the logic associated with the Boolean truth-functional valuations is, in a sense, equivalent
to the classical logic. More precisely, we have that

B) a=p < m(a)=m(p) for any truth-functional m;

B,) «aisatautology < m(a)=1 for any truth-functional m;

B3) ¢ is a contradiction < m(¢) = 0 for any truth-functional m.
These properties are immediate consequences of the fact that any Boolean algebra B is a sub-algebra
of a suitable direct power of {0,1}. Then, given two terms ¢, and #,, the equation ¢, = #, is satisfied by B
iff it is satisfied by {0,1}.

Theorem 4.5. The class M of complete totally consistent n-theories coincides with the class of the
truth-functional valuations.



Proof. Let 7 be a complete totally consistent A-theory. Then, since for any formula «, 7(a)v(—)
=1, and da@)Ar1(—a) = 0, we have that () € B(L) and 7(—a) = -7(a) which proves A3). To prove A,
observe that,

(avp) = d—~(=ar—pf)) = -d—ar—p) = ((=)Ad=p))) = -(-d)A-1f) = da)v o f).

Since 7is a A-theory, 4;) holds and we can conclude that 7 is truth-functional.

Conversely, let m : F—B(L) be a truth-functional valuation. Then, i), ii) and iii) in Theorem 4.1 are
satisfied, and therefore m is a A-theory. B;) says that m is totally consistent. Finally, since
m(a)vm(—a) = m(av—a) = 1, m is complete. 0

Theorem 4.6. Let 7 be a A-theory. Then the following are equivalent:
1) 7is complete;
i) 7is a truth-functional valuation in the lattice [Inc(7),1];

iii) dlavp) = da)v(fP) for any a and Bin .

Proof- 1) = ii) Observe that 7 is a complete and totally consistent A-theory in the lattice [/nc(7),1]
and therefore, by Theorem 4.5, 7is truth-functional in such a lattice.
i1)= iii) Trivial.
iii) = 1) From iii), by setting = —«, we obtain that
da)Vvi—a)=rav—-a)=1. [

We can restate all the results in this section in terms of homomorphisms. Indeed, consider the Boolean
algebra of formulas (F , A, v, -, 0,1), defined by setting
F={la:aecF, [a={ad:a=a}, 0={¢: ¢ is acontradiction}, 1= {a: ais a tautology},
[aA[Bl=Tarp] ; [alvIfl=[avh] ; -[a]=[-al
Notice that in the case an infinite number of propositional variables is admitted, such a Boolean

algebra is not complete.
The class of L-subsets of formulas compatible with the logical equivalence is in a one-one

correspondence with the class of maps from F to L, i.e. the class of L-subsets of . Indeed, if v : F—L
is a compatible L-subset, then we can define v' : F —L by setting v([a]) = W(a) for any ae F.
Conversely, given a map v’ : F —L, we can define a compatible map v : F—L by setting v(a) = v'([a])

for any aefF.

Theorem 4.7. Let (F*,/\,\/,—, 0,1) be the Boolean algebra of formulas. Then:

i) the A-theories are in a one-one correspondence with the homomorphisms from (F , A, 1) into (L, A,
1;

ii) the totally conmsistent n-theories are in a one-one correspondence with the homomorphisms from
(F, A, 0,1) into (L, A, 0,1);

iii) the complete A-theories are in a one-one correspondence with the homomorphisms from (F , A, Vv,
1) into (L, A, v, 1) ;

iv) the totally consistent and complete A-theories are in a one-one correspondence with the
homomorphisms from (F*, AV, -, 0,1) to (B(L), A, Vv, -, 0, 1).

Proof. See Theorems 4.1, 4.5 and 4.6. 0

5. Boolean extensions and completeness theorem

In this section we will consider the case in which the lattice L is a complete Boolean algebra we
denote by B. Note that in such a case the distributive law xA(Sup;c;x;) = (Sup;c;x~x;) holds. At first, we
are interested in some characterizations of the complete B-theories.



Proposition 5.1. Let A be any element in B. Then the class of complete theories whose inconsistency
degree is A coincides with the class of all the valuations t such that @(p;) > A for any propositional
variable p; and

a) anf) = da)rdp);

b) avp) = davap);

¢) (—a) = da)—>A.

Proof. The class of complete theories whose degree of inconsistency is A coincides with the class
of complete completely consistent theories in [4,1]. Thus, the proposition follows from Proposition 1.1

and Theorem 4.5. 0

Proposition 5.2. Let M, be the class of complete theories whose degree of inconsistency is A. Then

M= {mvA: meM}. (5.1)
Consequently, if M is the class of complete theories,
M = {mvAi:meM, AeB}. (5.2)

Proof. Let 7 be a complete theory whose inconsistency degree is A and let me M be the truth-

functional valuation such that m(p;) = o(p;) for every propositional variable p;,, We will prove that, for
every formula a,

) = m(a)vA (5.3)
and therefore that 7 = mvA. We proceed by induction on the complexity of . Indeed, if « is the
propositional variable p;, then, since m(p;) = 7(p;) = 4, (5.3) holds true. Assume that « and S satisfy
(5.3). Then, since

tanP) = dand f) = (m(a)v IAm(PB)vA) = (m(a)rm(B))VA = m(anP)V A,
and

qavp) = da)va(p) = (m(a)vAv(m(P)vA)
= (m(@vm(B)VA=m(avP)VA,
both anfand av g satisty (5.3). Since by ¢) of Proposition 5.1,
(—a) = (-q@)vA= (-(m(a)vA))vA
= (-m(a)A-A)VvA = (m(—a)A-A)vVA
= (m(m)VAA(-AVA) = m(ma)VA,
equation (5.3) is satisfied by —«, too.
Conversely, let m € M and A € B and define the map f: B — B by setting f{x) = xvA. Then, f'is

order-preserving and flxay) = fix)Af(y). Then by Proposition 3.5, mvA is a complete theory whose
degree of inconsistency is A. [

To prove a completeness theorem, we have to prove at first some lemmas.

Lemma 5.3. Let 7 be a theory and a a formula. Then we can extend t into a theory v O tin such a
way that :

) (@)= 1a) and 7'(—a) = da)>(—a);

1) «a is decidable in T';

iii) Inc(7') = Inc(7).

Proof. Define v by setting v(x) = 7o(x) if x # —a and v(—@) = A @)—>d—a), and set 7' = D(v). Then
' 2 v r.Toprovei)since ay,...,a,, —a@ + « if and only if a,...,q, + @,
(a) = Sup{v(a)A..Av(@,) @ ay,...,a, F @, where @; # —a}
=Sup{da)A..rd ) : Ap,....ay F @} = Q).
Also,
T'(—a) = Sup{v(a)A..A V() © ay,.. 0 F—ad
=v(—a)vSup{W(a)A..Aav(ay) : o #— a and a,...,0 - —a }
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=v(—a)VvSup{da)r..Ada,) : & #— a and ay,...,a, - —a '}
<v(=a)VvSup{d a)A..Atda) : A,y b -}

=v(=a)v(—a) = ()= 1(—a)vi(—a) = (a)—>1(—a)

To prove ii) observe that
(vT(—a) =t a)v(da)—> d—a)) = 1.
Finally, to prove iii) observe that

Inc(7) = (A T(—a) = d o)A @)—> 1(—a)) = A )AT(—a) = Inc(7). [

Lemma 5.4. Let 7 be a theory and T’ a theory extending t such that Inc(t) = Inc(7’). Then T'(f) = ()
for every formula [ decidable in t.

Proof. Since (f)vo(—p) = 1, we have that, (df)v (—=f))A-1(—f) = -1(—f) and therefore
A P)A-1(=f) = -1(—f). Consequently,
qP) = (A PA-A=PIV(ABAT=P) = (T=PV(AP)IATA=P)) = -d—p)vInc(2).
Likewise, one proves that 7'(f) = -7’(—f)vinc(7’). Thus, since -7(—f) = -7'(—f), and Inc(7) = Inc(7’),
we have that
o p) = -t(=p)viInc(7) > -t (=p)vinc(t’) = T’ ().
This proves that o(f) = 7'(f). [

Lemma 5.5. Let 7 be a theory and o a formula. Then we can extend tinto a complete theory 1y such
that t)(a) = W), and Inc(ty) = Inc(7). Consequently, any theory whose inconsistency degree is A is
intersection of elements in M.

Proof. Set
T ={7": 7 is atheory, 727, 7(() = W), ais decidable in 7', Inc(7") = Inc(7)}.

Then, by Lemma 5.3, T'# &. We claim that T is inductive and therefore that a maximal element in 7
exists. Indeed, let (7,),cy be an order-preserving sequence of elements of 7 and set 7" = U,cn7,. Then,
since D(U,ent) = Uuen®D(7,) = U,enti, 77 1 a theory. Since, it is immediate that 7'(a) = (@), a is
decidable in 7" and Inc(7’) = Inc(t), we can conclude that 7" € T.

Let 7, be a maximal element in 7, we have to prove that 7, is complete. Indeed, otherwise a formula
p exists such that 7(f)vr(—p) < 1. Let 7’ be the extension of 7, associated with S we obtain by
Lemma 5.3. Then, by Lemma 5.4, 7'(a) = n(a) = o «). Moreover, since 7' (f)vr'(—=p) =1, 7’ is a
proper extension of 7, belonging to 7, a contradiction. 0

As an immediate consequence of Lemma 5.5, we obtain the following "completeness theorem".

Theorem 5.6. Let B be a complete Boolean algebra. Then the logical consequence operator defined
by the fuzzy semantics M coincides with the deduction operator of the n-extension of the classical
propositional calculus.

Now we are able to give our main definition.

Definition 5.6. Let B be a complete Boolean algebra. Then we call Boolean logic in B the fuzzy logic
defined by the A-extension of the classical propositional calculus and by the fuzzy semantics M.

Note that the expression "Boolean logic" has a different meaning in literature. This is due to the fact
that in multivalued logic the deduction apparatus is usually devoted to generate the set of fautologies
i.e. formulas whose valuations assume only designated values. This point of view was inherited from
classical logic where, due to the compactness and the deduction theorems, the notion of deduction
under hypotheses can be derived from the notion of tautology. On the other hand, the tautologies in a
Boolean truth-functional semantics coincide with the tautologies in the classical propositional
calculus. So, the deduction apparatus for classical logic fits well also for such a semantics. Totally
different is the point of view of fuzzy logic we embrace. A logical apparatus is a tool to elaborate the
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available information and not merely a tool to produce tautologies. Also, usually this information is
incomplete and partial inconsistent. In the case of Boolean information, this leads to Definition 5.6.

6. Partially inconsistent belief measures and capacities.
The proposed Boolean logic is useful to manage information, probabilistic in nature, in which both
incompleteness and inconsistency are admitted. To show this, we will extend the basic notions of
belief measure and capacity as defined in [12] and [5], respectively. Let B a complete Boolean algebra
whose elements we call events, we define a mass as any map m : B — [0,1] such that

J) zeeB m(e) =1

i m(0)=0.
The belief measure associated with a mass m is the map x : B — [0,1] defined by setting, for any xe
B,

H(x) = Xecx me). (6.1)
We call focal the events e such that m(e) # 0. Also, a map p: B — [0,1] is a capacity if
) ul)=1;
ii) for any integer n and every n-tuple of events x, ... ,x,
prv...vx) 2 SO uean. . Axig) < 1={i(1),..., i(k)} < {1,..., n}}.
iii) (0)=0.

Every finitely additive probability is a capacity. One proves that, in the case B finite, x is a capacity iff
1 1s a belief function, i.e. a mass m exists such that (6.1) holds. Now, the conditions 7(0) = 0 and (0)
= 0 are consistency conditions, in a sense. The validity of these conditions was discussed by many
authors mainly in connection with the processes of fusion of information arising from different
sources. For example, recall Dempster's rule of combination for belief measures and assume that the
masses m; and m, define the beliefs z and 5, respectively. Then a new mass m is defined by setting
m(0) =0 and, in the case e # 0,

m(e) = ﬁ & Ami(x)-ma(x) = xny = e}) (6.2)

where k = 2 {m(x)-my(y) : xAy = 0}. We call the orthogonal sum of w; and 1, the belief 1B,
associated with the mass m. Obviously, the composition is defined only if £ #1. We interpret & as the
degree of inconsistency between g and o (in [12] the quantity Con(u,16) = log(1/(1-k)) is called the
weight of conflict between u; and ). Consequently, Dempster's rule is the result of a two-step
process:
1. a fusion of the information arising from two different sources and represented by the quantities

m'(e) = X {m(x)-my(y) : xry = e}, (6.3)
2. a revision of the resulting information, obtained by setting m(0) = 0 in order to restate the
consistency and, consequently, the normalization

m(e) = m'(e)/(1-k). (6.4)

to obtain the condition 2 ..z m(e) = 1.

Now, such a revision process in defining the orthogonal sum is a little unsatisfactory since it
destroys part of the knowledge. Indeed, no trace of the partial conflict between the belief measures z4
and 4, remains in the sum @, Moreover the normalization gives rise to some computational
difficulties. For example, Shafer in [12] claims that: "I treated the normalizing constant ... as a
nuisance. And it does complicate the description of Dempster's rule and the calculation of the
orthogonal sums". In accordance with these considerations, we will admit partial inconsistency and
therefore to skip out condition jj) in defining the belief measures and condition iii) in defining the
capacities (see also [13]).

Definition 6.1. A map m : B— [0,1] is a generalized mass if j) is satisfied. A generalized belief
measure is amap 4 : B — [0,1] defined from a generalized mass m by (6.1).

Such a definition enables us to define the generalized orthogonal sum of two generalized belief
measures with masses m; and m, as the generalized belief measure whose generalized mass m' is
defined by (6.3).
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Definition 6.2. A map u: B — [0,1] is a generalized capacity if 1) and ii) are satisfied. We say that u
is a generalized probability if u(1) =1 and
Hxvy) + flxny) = plx) + (y).

We call degree of inconsistency of a generalized belief measure (capacity) u the value Inc(u) = 1(0).
Then, the capacities (probabilities) are the generalized capacities (probabilities) whose inconsistency
degree is 0. The map u constantly equal to 1 is a generalized probability such that /nc(u) = 1.

The proof of the following proposition is trivial:

Proposition 6.3. Assume that B is finite. Then the generalized capacities coincide with the generalized
belief measures.

In order to allow a logical treatment of the generalized belief measures we have to adjust the
proposed notions by considering functions defined in the set  of formulas. So, we say that p : F—
[0,1] is a generalized capacity in FFif

1) p is compatible with the logical equivalence,

ii) «atautology = p(a) =1

iii) for every n-tuple of formulas a, ... ,,

plav ..va) 2 XD T p(ann. . Aaiw) : T={i(1), ..., i(k)} < {1,...n}}.
If instead of iii) the equation

iii") p(avpytp(anp) = p(a)ytp(P)
is satisfied, then we say that p is a generalized probability in [F. A generalized capacity p such that

iv) ¢ contradiction = p(¢) =0,
is called a capacity in F. A generalized probability satisfying iv) is called a (finitely additive)

probability in F.

Proposition 6.4. Let p: F— [0,1] be a generalized capacity. Then p is a capacity iff, for every aclF,

p(@)+p(=a) <1, (6.5)
p is a generalized probability iff, for every a € IF,
(@) + p(=a) = 1+ Inc(p), (6.6)
p is a finitely additive probability iff, for every acfF,
p()+ p(—a)=1. 6.7)

Proof. Assume that p satisfies (6.5) and that ¢ is a contradiction. Then —¢ is a tautology and
therefore p(—¢@) = 1. Consequently, by (6.5), we have that p(¢)+p(—¢) = p(¢#)+1 < 1. This proves that
p(@) = 0 and therefore that p is a capacity. Conversely, assume that p is a capacity. Then for every
formula ¢, p(ar—a) = 0 and therefore

1=p(av—a) 2 p(a) + p(—a) — p(arn—a) = p(a) + p(—a).
Assume that p is a capacity satisfying (6.6). Then, by observing that p(-an-£) > -p(-av-p)+p(-a)+p(-
), we have that
plavp) + planp) = p(-(-an-P)ytp(anp) = 1+Inc(p)-p(-an-p) + p(arp)
< I+ine(p)-[-p(-av-pPtp(-a)tp(-p)] + planp)
= ItInc(p)-[-p(-(anp)) + 1+Inc(p)-p(a)+1+Inc(p)-p(P)1+p(arp)
= ItInc(p)+(1+Inc(p)-p(anp)) - 1-Inc(p)y+p(a)-1-Inc(p)+p(B))y+tp(anp)
= p(a)tp(P).
Since it is also p(avp)tp(anf) > p(a)+p(f), we can conclude that p is a generalized probability.
Conversely, it is obvious that any generalized probability is a generalized capacity satisfying (6.6).
Assume that p is a generalized capacity satisfying (6.7). Then, given two formulas ¢ and g,
p(man=pf) + p(—av—p) 2 p(—a) + p(=pf)
and therefore, since —mar—f=—(avpf) and —av—F= —(arp),

1- p(av P) + 1-p(anp) = p(—(av P) + p(—(anp)) 2 1-p(a) + 1-p(p).



-13-

ie.,
plavp) + plarp) < p(a) + p(Q).
This proves that p is a generalized probability. Since
1+Inc(p) = p(av-a)tp(arn—a) = p(a)tp(-a) = 1,
Inc(p) =0 and p is a finitely additive probability.
Trivially, any finitely additive probability is a generalized capacity satisfying (6.7). [

7. Boolean extensions and generalized belief measures.
Let 7 be a theory and & : B — [0,1] a map. Then we define a valuation u,: F— [0,1] of the formulas

by setting, for any ae/F,

ula) = i((a)). (7.1)
Such a kind of functions were considered by A. Saffiotti in [11] under the hypotheses that 7 is a truth-
functional valuation and u a capacity.

Theorem 7.1. Let 11 : B — [0,1] be a generalized capacity and t a theory. Then the map . defined by
(7.1) is a generalized capacity such that Inc(u,) = p(Inc(1)). In particular, if p is a capacity and t is
totally consistent, then u, is a capacity.

Proof. We have, by iv) of Theorem 3.2, that ®(eyv...va,) 2 U; =1, o). Consequently, by iii) of
Theorem 4.1,
/11(0{1\/ Van) = ,u(r(alv...van)) 2 /U(Ui: 1,.4.,n‘[(ai))
> X{CD T A A i) = (1), .y iYL, . n) )
=2 d . . Aaiw)) T 1= {i(1), ..., i(k)}cLL, ..., 0}
= YLD ulogn. . Aauw) 1= (i), ..., k) ={1, ..., n}}.
Then p. is a generalized capacity. It is obvious that Inc(u,) = u(Inc(7)). [

Theorem 7.2. Let u be a probability and t a complete theory. Then the map u, defined by (7.1) is a
generalized probability. If Tis complete and totally consistent, then u.is a probability.

Proof. Assume that 7is complete. Then, by Theorem 4.6, (v f) = «(a)v (f). Consequently,
pdavp) +plarp) = w(davp) + W(danp)) = (v a(p) + ()~ a(f))
= (") + w(dP) =pda) + pdh).
This proves that p, is a generalized probability. It is obvious that if 7 is totally consistent, then Inc(p,)
= 0 and therefore p. is a probability. [

Theorem 7.3. Assume that u is a finitely additive probability such that p(x) = 0 only if x =0 and let T
be a theory. Then,

i) u.is a generalized probability iff T is complete.

i1) w. is a capacity iff T is totally consistent.

1ii) i, is a finitely additive probability iff T is complete and totally consistent.

Proof. Firstly, observe that ¢(y) = 1 entails that y = 1. Indeed, if 1(y) = 1, then
1= w(v(-p) = p)Tu-y) = 1+u(-y)
and therefore £(-y) = 0. This entails that -y = 0 and therefore that y =1.
i) Assume that y, is a generalized probability. Then, by Proposition 6.4,
ud )t pd—a) = 1+Inc(u;) = 1+p(Inc(7)),

and, by Theorem 4.1,

1@+ @) = p(H @) H(H(~@) = p{ @A) (@A T~a))

= (@) (—a))+p(Inc(2)).

Then u(da)vd—a))) = 1 and therefore 7(a)vo(—a)) = 1 and this proves that 7 is complete. Assume
that 7is complete. Then, by Theorem 7.2, . is a generalized probability.
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i1) Assume that g, is a capacity. Then, since the degree of inconsistency w(/nc(7)) of u, is equal to
zero, and since (x) = 0 only if x = 0 we have that /nc(7) = ((ar—a) = 0. This proves that 7 is totally
consistent. The converse implication follows from Theorem 7.1.

iii) An immediate consequence of 1) and ii). 0

By Proposition 6.4, we can reformulate Theorem 7.3 as follows:

Theorem 7.4. Assume that u is a finitely additive probability such that p(x) = 0 only if x = 0 and that T
is a theory. Then,
1) 7is complete iff, for any formula o,
ud o)t pd—a) = 1+ Inc(uy).
ii) tis totally consistent iff, for any formula a,
Ll pl—a) < 1.
iii) 7is complete and totally consistent iff; for any formula a,

plo)t pd—o) = 1.

Given a probability x: B—[0,1], we can define an inferential apparatus, probabilistic in nature, by the
operator H : B® — [0,1]" defined by setting, for any ve B”

H)(@) = (D (v)(a)). (7.2)
In other words, our belief degree H(v)(«) on « is equal to the frequency of the cases in which « can be
proved where the frequency is referred to the Boolean information v. The basic idea is that a deduction
apparatus in a probabilistic setting has to elaborate Boolean information (by the operator D) and not

numerical information. Obviously, it is possible that /nc(H(v)) # 0. In such a case the value H(v)(a)
does not give information on the actual degree of validity of a formula «. Indeed, even if we are able
to prove «a to a degree H(v)(«) different from zero, in the case H(v)(«) = Inc(v) no reason exists for the
validity of a. We may affirm that v confirms « only if H(v)(e) > Inc(H(v)). Accordingly, the logic
represented by H is not monotone in spite of the fact that H is a monotone operator. As a matter of
fact, the degree of validity of a formula « is represented by the difference H(v)(@)-Inc(H(v)) rather
than by H(v)(@). On the other hand, since both H(v)(¢) and Inc(H(v)) are increasing functions of v,
their difference is not an increasing function of v, in general.

Owing to the above consideration, perhaps it would be better to substitute the operator H with a
"normalized" operator (see also [8], Section 9 of Chapter 2 and Section 4 of Chapter 6). To this aim
we prove at first the following proposition.

Proposition 7.5. Let p : F — [0,1] be a generalized capacity such that Inc(p) # 1 and define the
operator N(p) : F — [0,1] by setting, for any aclF,
pla)—Indp)
Np)a)=—""—"—
1—-Indp)
Then N(p) is a capacity. If p is a generalized probability, then N(p) is a probability.

(7.3)

Proof. 1t is evident that, for any tautology a, N(p)(«) = 1. Moreover, since by hypothesis for any
integer n and every n-tuple of formulas ¢, ... ,q,,

plarv..vay) = D™ plagan. . Aaiw)  T={i(1),..., i(k)} < {1,...,n}}.
and since

A T = (i), iR} € AL )} =
we have that
planv..vay) - Inc(p) > Z{(—l)‘lll++llp(ai(1)/\.../\al-(k)) cT={i(1),..., i(k)y<{1,..., n}}- Inc(p)
=Y {-D" p(asn. . . Acip)-Inc(p)] : I={i(1),..., i(k)}c{1,..., n}}.

By dividing by 1-Inc(p) both the sides of such an inequality, we prove that N(p) satisfies ii) and
therefore that N(p) is a generalized capacity. Since it is obvious that Inc(N(p)) = 0, N(p) is a capacity.

The remaining part of the proposition is trivial. O



-15-

Observe that if p is the generalized belief measure resulting by the generalized orthogonal sum of two
belief measures, then by (7.3) we obtain the usual orthogonal sum of these measures.
In accordance with Proposition 7.5, we can define a non-monotone inferential apparatus by the

normalized operator H, : B® — [0,1]" defined by setting, for any ve B®

| MO 0)(@) - plIne(v))
H(v)(@) BT (7.4)

Theorem 7.6. Given an initial valuation v : F— B, the mapping H,(v) : F —[0,1] is a capacity. If v is
complete, then H,(v) is a probability.

Proof. Trivial. [

8. Possible worlds semantics and Boolean extensions
Let W be a nonempty set whose elements we call worlds or past cases and consider the Boolean

algebra B = P(W). Given an initial valuation v : F — B, for any formula o we interpret v() as the set
of worlds in which we know that « is true (equivalently, the set of past cases in which we know that «
was true). In the resulting canonical extension the B-subset a : F — B of logical axioms is defined by

setting a(a) = W if « is a tautology and a(@) = & otherwise. The canonical extension of the classical
Modus Ponens, is pictured by

a,a—)é XaY s
B XY

and it claims that if we know that « is satisfied in the set X of worlds and a— £ in the set Y of worlds,
then we can say that f holds in the set XY of worlds. Moreover, in accordance with the results
exposed in Section 3, we have that:

/4 if ais a tautology
D)= (8.1)

U(a)n ... () : a,...,o - a) otherwise.

Then, while v(a) is the set of the worlds in which we know that « is true, 9"(v)(«) represents the set
of worlds in which we can prove that « is true given the information v. In accordance, since for any
contradiction ¢, Inc(v) = D"(v)(¢), we interpret Inc(v) as the set of world in which the information is

inconsistent.
It is interesting to examine the meaning of the cuts. Indeed, given a set X of worlds, the cut C(v,X)

of an initial valuation v is the {a@ € F: v(a) 2 X} of formulas that we know to be true in any world in

X. In particular, we are interested in the singleton-cuts C(v,c) = C(v,{c}), where ce W. C(v,c) is the
information we have on c. Since, given any subset X of ¥,

C(v,X) =Ncex C(v,0),
any cut can be defined by singleton cuts. Also, it is obvious that
v(a)={ceW: aeC(v,c)}. (8.2)
The singleton cuts enable us to give a different way to represent the Boolean algebra B”. Indeed, we
consider the direct power P(F)” of the algebra P(F) with index set W. The following proposition

shows that B” is isomorphic to P(F)".

Proposition 8.1. Let i : B — P(F)" be defined by setting, for any ve B’,
h(v) = (C(v,€))cew (8.3)
Then h is an isomorphism between the Boolean algebras B* and P(F)". The inverse h™ associates any
(T)eew in P(F)” with the B-subset v defined by setting
va)={ceW:ael.}. (8.4)
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Proof. Let s; and s, be two B-subsets. Then, since
C(s1Us, ,¢) = C(s1,c)IC(s2,0), C(s1Ns3 ,¢) = C(s1,c)NC(s7 ,0),
we have that i(s|Us,) = h(s))\Uh(sy) and A(s\Msy) = h(s))Nh(sy). Moreover, since C(-s; ,¢) = -C(sy,¢), it
is A(-s1) = -h(s)) and this proves that / is a homomorphism. Assume that A(s;) = /(s;) and therefore
that, for any ce W, C(s1,c) = C(sy,¢). Then, by (8.2), s; = s,. This proves that 4 is injective. Finally, let
(T.)ecw be an element in P(F)”, and define v as in (8.4). Then, since,
ae (Cve) & cevia) & ael,
we have that C(v,c) = T, and therefore that 4(v) = (T,).cw. This proves that /4 is surjective. [

The next theorem shows that the following diagram commutes:

v h > (C(vac))ce w

b l

'Z)m(v) D (D(C(V’C)))CEW

Theorem 8.2. Given an initial valuation v and ce W,
C(D"(v),c) = D(C(v,c)). (8.9)
Consequently,
D) (@)={ce W:Cve)+ a}. (8.6)

Proof. If ais a tautology, then we have that ae C(D"(v),c) and a € D(C(v,c)). Otherwise, we have
that, for any formula «,
ae C(D(v),c) o ceD'(v)()
& there are ay,...,, such that ce (), ..., cev(a,) and a,...,a, F &
& there are o, €C(v,0),...,a, €C(v,c) such that ay,...,a, +
S o)k a < ae D(C(v,0)). [

In other words, the deductions in the canonical extension can be reduced to the deductions on the cuts.
It is worth noticing that it is possible that our knowledge is not complete, i.e. that a formula ¢ exists

such that D" (v)(a@)uD"(v)(—«) # W. This means that a world ¢ exists such that neither « or —a can
be proved in c.

Corollary 8.3. Let T be a B-subset of formulas. Then, tis a (complete, totally consistent) theory iff, for
any ceW, C(z,c) is a (complete, consistent) theory.

Proof. Assume that 7 is a theory, then by Theorem 4.2 each C(z,c) is a theory. Conversely, assume
that each C(7,c) is a theory and observe that, given any element X € B, C(7,X) = N{C(z,c) : ¢ € X}. By
recalling that the intersection of a family of theories is a theory, we have that C(7,X) is a theory. By
Theorem 4.2 this entails that 7 is a theory.

Assume that 7 is complete. Then, since d@)un—a) = W, given any ceW, either ce (@) or
ce(—a), ie. either a € C(r,c) or ma € C(z,c). This proves that C(z,c) is complete. Conversely,
assume that, for every ce W, C(z,c) is complete and therefore that, for any formula ¢, either a €
C(z,c) or = € C(7,c). Then, for every ce W, either ce 7( &) or ce 7(—¢). This proves that (@)U (—a)
= W and therefore that 7 is complete.

Finally, by Theorem 4.2, zis totally consistent iff each C(z,c) is consistent. 0
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