SYMPLECTIC GEOMETRY ON
MODULI SPACES OF STABLE PAIRS

FrRANCESCO BOTTACIN

ABSTRACT. In [H], Hitchin studied, from the point of view of symplectic geometry, the
cotangent bundle T*Us(r,d) of the moduli space of stable vector bundles Us(r,d) on
a smooth irreducible projective curve C. He considered the map H : T*Us(r,d) —

T_, H°(C,K?%), which associates to a pair (E, ¢) the coeflicients of the characteristic
polynomial of ¢, and proved that this is an algebraically completely integrable Hamilton-
ian system.

Here we generalize such results by replacing the canonical line bundle K by any line
bundle L for which K~! @ L has a non-zero section. We consider the moduli space
M’ (r,d, L) as constructed by Nitsure [N] and, in particular, the connected component
My, of this space which contains the pairs (E, ¢) for which E is stable; this component
is a smooth quasi-projective variety. For each non-zero section s of K~! ® L, we define a
Poisson structure 65 on M( and show that the Hitchin map H : M} — @|_, H°(C, L?)
is again an algebraically completely integrable system (in a generalized sense). More pre-
cisely, H may be considered as a family of completely integrable systems on the symplectic
leaves of M/, parametrized by an affine space. This is a generalization of an analogous
result proved by Beauville in [B1], in the special case C' = Pl

Finally we shall describe the canonical symplectic structure of the cotangent bundle of
the moduli space of stable parabolic vector bundles on C, and analyze the relationships
with our previous results.

Introduction.

Let us denote by U,(r,d) the moduli space of stable vector bundles of rank r and
degree d over a smooth irreducible projective curve C' of genus g > 2, defined over the
complex field C. Let K be the canonical line bundle on C.

The cotangent bundle T*U;(r, d) to the moduli variety Us(r, d) may be described as
the set of isomorphism classes of pairs (F,¢), where E is a stable vector bundle and
¢: EF — E® K is a homomorphism of vector bundles.

Let us consider the map

H : T*Uy(r,d) — W = P H°(C, K7,

=1

which associates to a pair (F, ¢) the coefficients of the characteristic polynomial of ¢.
It happens that the dimension of the vector space W is equal to the dimension of the
moduli variety Us(r, d), hence dim T*Us(r,d) = 2dim W. In [H], Hitchin proved that
the component functions Hy,...,Hy (N = dim W) of H are functionally independent
Poisson commuting functions, i.e., {H;, H;} = 0, for every i,j, where {-,-} is the
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Poisson bracket associated to the canonical symplectic structure of the cotangent bundle
T*U,(r, d). Moreover the generic fiber of H is isomorphic to an open subset of an abelian
variety, and the Hamiltonian vector fields corresponding to the functions Hy,..., Hy
give N commuting linear vector fields on these fibers. In other words, the map H is an
algebraically completely integrable Hamiltonian system.

In this paper we generalize such results by replacing the canonical line bundle K by
any line bundle L for which K ~! ® L has a non-zero section.

In Section 1 we consider the moduli space M'(r,d, L) of stable pairs as constructed
by Nitsure [N]. If P(r,d, L) denotes the open subset of M'(r,d, L) consisting of pairs
(E, ¢) for which E is a stable bundle, then the natural map 7 : P(r,d, L) — Us(r,d),
sending a pair (E,¢) to the vector bundle E, makes P(r,d, L) a vector bundle over
Us(r, d).

Then, in Section 2, we consider the analogue of the Hitchin map:

H:M(rd L)W =H(C, L.

=1

In this case one proves that the dimension of M’ is no more equal to twice the dimension
of the vector space W. Even more importantly, the variety M’ does not carry any
canonically defined symplectic structure. This shows that our construction is not a
trivial generalization of the situation described by Hitchin.

Actually, by the infinitesimal study of the variety M’ carried out in Section 3, we
are able to define, for any non-zero section s of K~! ® L, a map

By : T* Mgy — TMy,

which defines an antisymmetric contravariant 2-tensor 65 € H(M}, A>T M}).

In Section 4 we shall prove that this defines a Poisson structure on M(. Needless to
say, if L = K and s is the identity section of O¢, this Poisson structure is actually sym-
plectic and coincides with the canonical symplectic structure of the cotangent bundle
T*Us(r, d).

Then we shall see that the component functions Hy, ..., Hy of H still give N func-
tionally independent holomorphic functions which are in involution, i.e., {H;, H;}s = 0,
for every i, j, where {-,-}s is the Poisson bracket defined by 6s. Again it may be seen
that the generic fiber H~!(o) is isomorphic to an open subset of an abelian variety (pre-
cisely the Jacobian variety of the spectral curve defined by o), and that the Hamiltonian
vector fields corresponding to the functions Hi, ..., Hy give N commuting vector fields
on the fibers of H, which are linear on these fibers. Therefore we say that the map
H defines an algebraically completely integrable Hamiltonian system (in a generalized
sense).

More precisely, we shall see that H may be considered as a family of completely
integrable systems on the symplectic leaves of the Poisson variety My, parametrized
by an affine space. This generalizes an analogous result proved by Beauville in [B1], in
the special case C' = P'.

If we restrict to consider vector bundles with fixed determinant bundle, we get al-
most the same results as in the general case. The most relevant difference is that
the Hamiltonian system defined by the Hitchin map H linearizes on the (generalized)
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Prym varieties of the coverings 7 : X, — C, instead of on the Jacobian varieties of the
spectral curves X, .

Finally, in Section 5, we shall consider the moduli spaces of stable parabolic vector
bundles over C'. By using our previous results, we are able to give an explicit description
of the canonical symplectic structure of the cotangent bundle of these moduli varieties.
We note here that an analogous result has been obtained by Biswas and Ramanan in
[BR]. Their paper contains also a somewhat more general infinitesimal study of moduli
functors in terms of hypercohomology.

Our construction will enable us to identify some special symplectic subvarieties of
P with subvarieties of the cotangent bundle of the moduli space of stable parabolic
bundles, with the induced canonical symplectic structure. This holds, in particular, for
the cotangent bundle T*U,(r, d), which is embedded in P by the map sending a pair
(E,¢) to (E,s¢).

Note: very recently we have been informed that a student of R. Donagi’s, E. Mark-
man, has obtained similar results in his PhD thesis [Mal].
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1. THE MODULI SPACE OF STABLE PAIRS

1.1 Moduli spaces of (semi)stable vector bundles.

Let C be a smooth irreducible projective curve of genus g > 2 over an algebraically
closed field k. For a vector bundle E over C, we set u(E) = deg(FE)/rank(FE), and we
say that E' is semistable (resp. stable) if, for every proper subbundle F' of F, we have
u(F) < p(E) (resp. p(F) < p(E)).

Let d,r € N, with r > 2. We shall denote by U(r, d) the moduli space of S-equivalence
classes of semistable vector bundles over C' of rank r and degree d, and by Us(r, d) the
subvariety consisting of isomorphism classes of stable ones. We recall that if (r,d) = 1
then U(r,d) = Us(r,d) is a fine moduli space for isomorphism classes of stable vector
bundles. As a consequence, we have the existence of a Poincaré vector bundle on U(r, d).

Remark 1.1.1. If r and d are not coprime, it is known that there does not exist a
Poincaré vector bundle on any (Zariski) open subset of U(r,d). However, Poincaré
families of vector bundles do exist locally in the étale topology.

Remark 1.1.2. We shall discuss here some problems connected with the existence of
a Poincaré vector bundle on U(r,d). Using the notations of [S] or [Ne|, let us denote
by R the open subset of the Grothendieck ‘quot’ scheme Q = Quotg /k(OC ® kP)
consisting of points F' € Q such that F' is a locally free sheaf and the natural morphism
H°(C,0¢c @ kP) — H°(C, F) is an isomorphism, and by R*¢ (resp. R®) the subset of
R consisting of semistable (resp. stable) vector bundles. These are PGL(p)-invariant
subsets of R, and we have U(r,d) = R**/ PGL(p) and Us(r,d) = R*/ PGL(p).

Let F be a universal quotient sheaf on R. The group GL(p) acts on F, but this
action does not factor through an action of PGL(p) because the action of £* - I is not
trivial, hence we cannot construct the quotient vector bundle of F by the action of
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PGL(p). In the special case when r and d are coprime, there exists a line bundle L on
R**, such that the action of k* - I on F ® pj(L) is trivial, hence we can construct the
vector bundle £ = F ® pi(L)/ PGL(p) on U(r,d) x C. It follows easily that this is a
Poincaré vector bundle on U(r, d).

On the other hand, the action of k* - I on F @ F* = End(F) is always trivial, hence
we can always take the quotient bundle End(F)/PGL(p), which will be denoted by
End(E). Note that, when the Poincaré vector bundle £ exists, End(E) is precisely the
sheaf of endomorphisms of £, but End(€) exists even if £ does not. It is easy to see
that the sheaf End(€) on U(r,d) x C has the property that its restriction to {E} x C
is isomorphic to End(E), for every E € U(r,d).

In the sequel, for convenience of notation, we shall denote by E either a (semi)stable
vector bundle on C, or the point of U(r,d) corresponding to the isomorphism class
of the vector bundle E. We shall use indifferently the expressions ‘vector bundle’ or
‘locally free sheaf.’

1.2 Stable pairs.

Let L be a (fixed) line bundle on C' and let us consider pairs (F, ¢), where E is a
vector bundle on C' and ¢ : E — E ® L is a homomorphism of Oc-Modules. We say
that (F,¢) is a semistable (resp. stable) pair if, for any ¢-invariant proper subbundle
F of E, we have u(F) < pu(E) (resp. u(F) < p(E)).

Two pairs (E, ¢) and (E’, ¢’) are isomorphic if there exists an isomorphism A : £ —
E’ such that the following diagram is commutative:

E %, EoL

b e
E’ T) E' @ L.

To any semistable pair (F, ¢) there is associated its graded pair gr(E, ¢) (see [N] for
the definition), and we have a notion of S-equivalent semistable pairs, analogous to the
notion of S-equivalent semistable bundles.

In [N], Nitsure proved that there exists a coarse moduli space M(r, d, L) for S-equiv-
alence classes of semistable pairs (F,¢) of rank r and degree d on C. The scheme
M(r,d, L) is quasi-projective and has an open subscheme M’ (r, d, L) which is the mod-
uli scheme of stable pairs.

A family (Ey,®y) of pairs parametrized by a scheme Y is a vector bundle Ey on
C x Y together with an element @y € I'(Y, (7y)«(End(Ey) ® w5 (L))). Two families
(Ey,®y) and (E5, %) are said to be equivalent if, for all points y € Y, the pairs
(Ey,®y) and (E,,®,) are isomorphic.

Definition 1.2.1. Let p’ : M’ x C' — C be the canonical projection. A Poincaré pair
(&',®@) on M’ consists of a vector bundle £ on M’ x C together with a morphism
®: & — & @ p"(L) such that for every noetherian scheme of finite type Y over C
and for every pair (F,¥), where F is a locally free sheaf of finite rank over Y x C
and ¥ : F — F ® pi(L) is a homomorphism of Oy xc-Modules, such that for every
closed point y € Y the isomorphism class of the pair (F|{y}xc, ¥|{y}xc) belongs to M,
there exists a unique morphism p = p(r g) : Y — M’ such that (F,¥) is equivalent to
(0 x 10)° (&, )
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Remark 1.2.2. 1t is known that, when (r,d) = 1, a Poincaré pair exists on M’. For
general r and d one can prove that, locally in the étale topology on M’, there exist
Poincaré families of stable pairs. This will be enough to justify our reasoning involving
infinitesimal deformations of a local Poincaré family.

Nitsure proved ([N, Proposition 3.6]) that there exists a local universal family for
semistable pairs.

Remark 1.2.3. The construction of the moduli space of stable pairs M’(r,d, L) made
by Nitsure parallels the classical construction of the moduli space U(r,d). This may
be summarized as follows. Keeping the notations introduced in Remark 1.1.2, it can
be proved that there exists a scheme S° together with a family of pairs (Fg=,Pg-)
parametrized by S® which is a local universal family for stable pairs ([N, Proposi-
tion 3.6]). The natural action of GL(p) on R® extends canonically to an action on S*.
Note that the center of GL(p) acts trivially, hence this action goes down to an action of
PGL(p). Finally we set M’ = 5%/ PGL(p), and we can prove that this is a geometric
quotient ([N, Section 5]).

The group GL(p) acts also on the local universal family (Fg=,®gs), but this action
does not factor through an action of PGL(p) since the center k* - I of GL(p) acts on Fgs
by multiplication by constants, hence we cannot construct a universal family on M’ by
taking the quotient of the family (Fgs,®gs). On the other hand the action of k* - I
on the element @g- is trivial, and is also trivial its action on End(Fgs-), hence we can
take quotients by PGL(p). As a consequence we derive the existence of a sheaf, which
we shall denote by End(E), and of a canonical section @ of End(E) ® p*L, with the
property that, for every stable pair (E, ¢) in M’, the restriction of @ to {(E,¢)} x C
is isomorphic to ¢ : E — E ® L.

In the sequel we shall denote by (E, @) either a stable pair on C, or the point of
M'(r,d, L) corresponding to the isomorphism class of (E, ¢).

Remark 1.2.4. Note that if F is a stable vector bundle then (FE, ¢) is a stable pair for
all p € H°(C,End(E) ® L).

For an alternative construction of the moduli space of stable pairs we refer to the
paper by Simpson [Si]. He considers stable pairs only in the case L = K, but his
methods work in general to give an alternative proof of Nitsure’s results. In particular
the existence of étale Poincaré pairs follows from his Theorem 4.7.

1.3 The variety P(r,d, L).

Let L be a line bundle on C such that either L = K or deg(L) > deg(K). In this
section we shall give an alternative description of the moduli space P = P(r,d, L) of
isomorphism classes of pairs (E, ¢) with E stable. From the preceding considerations
it follows immediately that this moduli space exists and is a proper open subset of
M'(r,d, L). Here we shall give a direct construction of P(r,d, L) as a vector bundle on
Us(r,d).

From now on we shall work over the complex field C. Let us suppose that » > 2, and
set U = Us(r,d). Let p: U x C — C and ¢ : U x C — U be the canonical projections
and denote by End(€) the sheaf on U x C defined in Remark 1.1.2. Let us consider the
quasi-coherent sheaf H = ¢.(End(€) ® p*L) on U. We have the following

Lemma 1.3.1. If L 2 K or deg(L) > deg(K), then H is a locally free sheaf of finite
rank on U, and there is a canonical isomorphism H({E}) =2 Hom(E,E ® L).
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Proof. The sheaf Hom(E,E @ p*L) = End(€) @ p*L is a locally free sheaf of finite rank
on U x C, flat over U. For each point E € U, let us denote by jg : {EF} — U and
Jjg :{E} x C — U x C the canonical inclusions. We have:

KO{EY, Hom(E,€ @ p*L)) ¥ dim HO({E} x C, j'5 Hom(E,€ @ p*L))

= dimHom(E,E ® L)
= h(C,End(E) ® L).

The stability of E and the stated hypotheses on L imply that h°(C,End(E) @ L) is
constant as { '} varies in . Thus we can apply the theorem of Grauert ([Ha2, Ch. 3,
Cor. 12.9]), to prove that H is a locally free sheaf on U/ and that the natural map

H({E}) = jpa. Hom(E,E@p* L) — HY({E}xC, j'p Hom (€, E&p* L)) = Hom(E, EQL)

is an isomorphism. [

We set P = Spec(Sym(H*)), where Sym(H*) denotes the symmetric algebra of the
dual sheaf of H. P has a natural structure of vector bundle over U, 7 : P — U, and the
preceding Lemma implies that the fiber 7—1(E) is canonically isomorphic to the vector
space Hom(FE, F ® L). Hence the variety P may be described set-theoretically as the
set of isomorphism classes of pairs (F, ¢), with £ € U and ¢ € Hom(E, E ® L).

In general there does not exist a Poincaré pair on P, since there does not even exist
a Poincaré vector bundle on . When (r,d) = 1, however, a Poincaré pair on P may
be obtained by restricting a Poincaré pair on M’. In the following proposition we give
an alternative construction of a Poincaré pair on P.

Proposition 1.3.2. If r and d are relatively prime, then there exists a Poincaré pair

on P.

Proof. Let us consider the following commutative diagram:

PxC " L UxC

LR

P — U,

where p’ and ¢’ are the canonical projections and 7/ = 7 x 1.

Let &€ be a Poincaré vector bundle on I/ and set & = 7'*E. £’ is a locally free sheaf
on P x C of rank equal to the rank of £ and &'|((g,4)1xc = E|{pyxc = E, for all points
(E,¢) € P.

The vector bundle 7*H on P has a canonical section and, by using the flatness of 7
and the fact that £ is locally free of finite rank, we have:

mH = 1" g, Hom(E,E @ p*L)

>~ gl7"" Hom/(E,E @ p* L)
>~ ¢l Hom(£',& ® p'"L),
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hence the canonical section of 7*H determines a canonical section of ¢}, Hom (&', &' ®
p'"L), i.e., a morphism @ : £’ — &' @ p'*(L).

By reasoning on the vector bundles associated to the corresponding locally free
sheaves, it is easy to prove that the restriction of (£',®) to {(E,¢)} x C is isomor-
phic to the pair (E,¢). Now, by using the fact that £ is a Poincaré bundle on U,
and recalling the definition of P, it is not difficult to prove that (£’,®) is a Poincaré
pair. [

Remark 1.53.3. In the general case, i.e., when r and d are not relatively prime, there
does not exist a Poincaré vector bundle €& on U, but the sheaf End(E) is still defined
(see Remark 1.1.2), and the same is true for the sheaf H. Let us denote by End(E’) the
pull-back 7" End(€) of End(E) to P x C. By adapting the proof of Proposition 1.3.2,
we can still prove that the sheaf 7*H is isomorphic to ¢.(End(£’) ® p'*L), hence the
canonical section of 7*H determines again a canonical section @ of End(E') @ p'* L.

Remark 1.5.4. If L = K, the canonical bundle on C, the variety P is isomorphic to the
cotangent bundle 77U of Y. This is the situation considered by N. Hitchin in [HJ.

2. THE HITCHIN MAP

2.1 Twisted endomorphisms.

Let F be a vector bundle of rank r and L a line bundle on C', and let ¢ : E — E® L
be a homomorphism of Oc-Modules. By interpreting ¢ as a morphism from F ® E* =2
Hom(E, E) to L and taking the image of the identity section of Hom(FE, F), one can
define the trace of ¢, Tr(¢) € H°(C, L). More generally, one can define the characteristic
coefficients of ¢, a; € HY(C, L?), for 0 < i < r, by setting a; = (—1)*"!Tr A’¢. The
Cayley-Hamilton theorem then asserts that ¢ satisfies its characteristic equation, i.e.,
that >°0_, a;®" " = 0, interpreted as a homomorphism from F to E ® L".

The sections Tr(A"¢) are related to Tr(¢™) by Newton’s relations, of the form

)n—l

2.L1) 1r(70) = CV T maen) 4 Qu(T(0)... ("))

where (), is a universal polynomial in n — 1 variables, with rational coefficients.

2.2 The Hitchin map.
By using the preceding result, we are able to define a morphism

(2.2.1) H:M(r,d L) — @ H(C, L
i=1

which associates to each pair (E,¢) € M'(r,d, L) the characteristic coefficients of ¢.
This morphism may be defined on the whole moduli space of semistable pairs M(r,d, L),
in which case it is a proper morphism (see [NJ]).

As it is shown in [BNR], for every element s = (s;) € @,_, H°(C,L") we can
construct a 1-dimensional scheme X, and a finite morphism 7 : Xy, — C'. The set of
all s for which the scheme X is integral (i.e., irreducible and reduced) and smooth is
open and nonempty under general assumptions on L. X is called the spectral curve
associated to s.

The principal result, proved in [BNR], is the following
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Theorem 2.2.1. Lets = (s;) € @;_, H*(C, L") be such that the corresponding scheme
X, is integral. Then there is a bijective correspondence between isomorphism classes of
torsion free sheaves of rank 1 on X and isomorphism classes of pairs (E, ¢), where E
1s a vector bundle of rank r on C and ¢ : E — E® L a homomorphism of O¢c-Modules
with characteristic coefficients s;.

Remark 2.2.2. When X is nonsingular we may replace ‘torsion free sheaves of rank 1’
by ‘line bundles’ in the preceding theorem.

This shows that the set of all pairs (E, ¢), where E is a vector bundle of rank r on
C and H((E, ¢)) = s, is isomorphic to the Jacobian variety Jac(X). Since we shall be
interested only in pairs (E, ¢) with E stable, it can be proved that the corresponding
subset of Jac(X;) is the complement of a closed subset of codimension > 2g — 2, if
r > 3, and, in any case, the codimension is always > 2, except for the case g = r = 2,
which will be enough for us.

Finally we have seen that the inverse image H ~!(s), for s generic, is isomorphic to
an open subset of an abelian variety. It follows that dim H~'(s) = 2r(r — 1) deg(L) +
r(g—1)+1.

3. INFINITESIMAL STUDY OF THE VARIETY M’

3.1 Infinitesimal deformations of pairs.

Let Cle]/(¢?) be the ring of dual numbers over C. By convenience of notations in
the sequel it will be denoted simply by Cle]. Let us denote by C. the fiber product
C x Spec(Cle]). If pe : Cc — C is the natural morphism and F' is a vector bundle on
C, we shall denote by F[e] its trivial infinitesimal deformation, i.e., its pull-back to C.:
Fle] = pZ(F).

Definition 3.1.1. A (linear) infinitesimal deformation of a pair (F, ¢) is a pair (E, ¢.),
where E. is a locally free sheaf on C, and ¢, : E. — E. ® L[e] is a morphism, together
with isomorphisms E = FE. ®cq C such that ¢, ®c[q C goes over into ¢. We shall
say, for short, that (Ee, ¢.) restricts to (E, ¢). An isomorphism between two infinites-
imal deformations (E., ¢.) and (EY,¢”) is defined as an isomorphism A, : E. — E”
restricting to the identity on F, such that the following diagram is commutative:

E —% . B oLl

| [reon

E' —— E"® L
o

Let us consider the following complex of locally free sheaves on C, which we shall
denote for short by [-, ¢]:

0 — end(E) 1% end(B)o L — 0,

where, for every section a of End(FE) over an open subset U C C, |«, ¢] means (a ®

lp)og— o
We have the following
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Proposition 3.1.2. The isomorphism classes of linear infinitesimal deformations of
the pair (E, ¢) are canonically parametrized by the first hypercohomology group H ([, ¢])
of the complex |-, ¢].

Proof. Let (E., ¢) be such a deformation. Consider a covering U = (U;);c; of C by
open affine subsets U; = Spec A;, and write U;; = U; N U; = Spec A;;. The open
affine subsets U;[¢] = Spec A4;[¢] constitute an open affine covering of the scheme C..
Writing M; =I'(U;, E), M;; =T'(Uij, E), N; = I'(U;, L), etc., for every U; we have an
isomorphism
fi o~
Ec|u,1g — Milel.
Then fj|u,;g0° fi_1 |U.;1¢ induces an automorphism of M;; [€] corresponding to an element
of the form 1+ en;; € End(M;,le]). The compatibility conditions on the intersection
of three open subsets show that {n;;} is a 1-cocycle with values in End(E). It is
easy to see that the isomorphism class of the infinitesimal deformation F. is uniquely
determined by the element of H'(C, End(E)) defined by {n;;}. This element is precisely
the Kodaira-Spencer class of the infinitesimal deformation F. of E. Conversely, given a
1-cocycle {n;;} with values in End(E), the corresponding sheaf E. may be constructed

—_—~

by gluing the sheaves M;[e] and M,[e] along the open subset U;;[e] by means of the

isomorphism 1 + en;; : Mile]|u,, 1 — Mjlel|u,,q-

Let us consider now the infinitesimal deformation ¢, : E. — E. ® Lle] of ¢ : E —
E ® L. By what we have seen, ¢. may be described by giving homomorphisms ¢, :
M;[e] — M; ® N;|e] which restricts to ¢ modulo € and which are compatible with the
gluing isomorphisms 1 + €n;;. In other words, this means that ¢.; = ¢ + eqy, for
some homomorphism «; : M; — M; ® N;, and, for each i, j, the following diagram is
commutative:

Mijle] —— M;; ® Nijle]
(3.1.1) l”ﬂh‘j l(1+6mj)®1
M;jle] —— M;; ® Nijle].

€Jj

By replacing the expressions of ¢.; given above, it follows from (3.1.1) that

(j — @i)|u, (e = Mig» -

If (E/, ¢.) is another infinitesimal deformation of (£, ¢) isomorphic to (E., ¢.), and
if ({a}},{n;}) is the pair constructed from (E7, ¢¢) as ({i}, {ni;}) from (E, ¢.), then
it follows that o = a; + [Ai, @] and n;; = mij + (Aj — Ai)|u,, [, Where Ac = 1+ €A is the
isomorphism E! = E..

Now, if we take the same open covering U = (U;)scr of C as a Cech covering to
calculate cohomology, it is immediate to see that the pair ({a;}, {n:;}) associated to
(E., ¢.) defines an element of the first hypercohomology group H!([, ¢]) of the complex
[-,¢] which depends only on the isomorphism class of the infinitesimal deformation
(E.,¢:). Moreover, to each element of H!([-,¢]) there corresponds an isomorphism
class of infinitesimal deformations (Ee, ¢.) of (E, ¢). This proves our assertion. [J

By using the existence of a local universal family for stable pairs (see Remark 1.2.2),
we get the following
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Proposition 3.1.3. The tangent space T(g 4 M’ to M’ at the point (E, ¢) is canoni-
cally isomorphic to H([-, #]).

Let us consider now the following exact sequence of complexes (written vertically):

0 —— 0 . &nd(E) —— End(E) — 0

(3.1.2) J l[-@] l

0 —— &nd(E)® L —— &nd(E)®@ L —— 0 — 0
Taking the associated long exact sequence of hypercohomology, we get

(3.1.3) 0 — H([,8]) — H(C,End(E)) L HO(C, end(E) @ L) — H([-, ¢])

— HY(C, End(E)) L2,

HY(C,End(E) ® L) — H*([, ¢]) — 0.
Remark 3.1.4. This exact sequence may also be deduced from the first spectral sequence
of hypercohomology of the complex [-, ¢].

Now we need a result from the duality theory for the hypercohomology of a complex
of locally free sheaves, which is the analogue of the classical Serre duality for ordinary
cohomology (see [Hal]).

Let F" be a (bounded) complex of locally free sheaves on C,

F . 0—-F" =S F'—>... 5 F" 0.

Then the dual of the i-th hypercohomology group H'(F") is canonically isomorphic to
the (n — i 4 1)-th hypercohomology group H" “t1(F") of the dual complex E", given
by FI = (F"7)* @ K, the coboundary morphisms being transposes of those in F",
tensored with the identity idg.

By applying this result, we find that the dual complex of [-, ¢| is the complex

[o'®1k
LA N (

0— (End(E)* @ L 'K End(E))* @ K — 0,

and it is easy to prove that, under the canonical identification between (End(E))* and
End(F) given by the pairing trace, the above complex coincides with the following
complex, which we shall denote by [¢, -]

0= &nd(B)o L' o K 2L end(B) o K — 0.

Considering now the exact sequence (3.1.3), it is easy to see that H°([-,¢]) = {a €
HY(C,End(E))|la,#] = 0}. Assuming the stability of FE, this gives H([-,¢]) =
HO(C, End(E)) = C.

As for H2([-, ¢]), it follows from the duality theory for hypercohomology that it
is isomorphic to the dual of H°([¢,-]), hence H?([-,¢])* = {a € H%(C,&nd(E) ®
L' @ K)|[#,a] = 0}. Again, for E stable, we have either dimH?([-,¢]) = 1 or
dimH?([-, #]) = 0, depending on whether L & K or deg(L) > deg(K). In both cases
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this implies that the morphism H*([-, ¢]) — H'(C,End(FE)) is surjective. In conclusion,
for (E,¢) € P, i.e. for E stable, we derive from (3.1.3) the exact sequence

(3.1.4) 0 — H(C,End(E)® L) — H'([-,¢]) — H'(C,End(E)) — 0.

From the definition of P it follows that the sheaf of relative differentials Q%) u is

isomorphic to 7*(H*) = (7*H)* (see [EGA IV, Cor. 16.4.9]), and we get the exact
sequence ([EGA IV, Cor. 16.4.19 and Remark 16.4.24])

(3.1.5) 0 — () — Qp — (7"H)* — 0,

from which we derive, by duality,

(3.1.6) 0—7n"(H) = TP — «"(TU) — 0.
Taking the fibers over a point (F, ¢) € P, we get the exact sequence
(3.1.7) 0 — Hom(E,E® L) — T(g,4P — Teld — 0,

which coincides, under the natural identifications T = H'(C,End(E)) and T g, 4)P =
H([-, ¢]), with the exact sequence (3.1.4).

Remark 3.1.5. From the preceding considerations on tangent spaces, it follows immedi-
ately that P is a nonsingular variety of dimension h°(C,End(E) ® L)+ h'(C,End(E)).
For L =2 K, using the theorem of Riemann-Roch and the fact that, for E stable,
hO(C,End(E)) = 1, it follows that dimP = 2r%(g — 1) + 2 = 2dim¥. In the general
case, deg(L) > deg(K), we have dim P = r? deg(L) + 1.

The preceding considerations may be extended to the case of general stable pairs
(E,¢) € M'(r,d, L), but first we need the following lemma, whose proof may be found
in [N, Proof of Proposition 7.1]:

Lemma 3.1.6. Let (E, ¢) be a stable pair and L' a line bundle over C' with deg L' < 0.
Then dim{a € HY(C,End(E) ® L) |[a,¢] =0} =1 if L’ = O¢, and it is equal to 0 if
deg L/ <0 ordegL’ =0 but L' % Oc¢.

As a consequence, we get
Corollary 3.1.7. If (E, ¢) is a stable pair, then HO([-, ¢]) = C.

Corollary 3.1.8. Let (E,¢) be a stable pair. Then HO([¢,-]) = C if L = K, and
HO([¢,]) = 0 if deg L > deg K.

Now, by recalling the exact sequence (3.1.3) and using the theorem of Riemann-Roch,

it follows that
2r2(g—1)+2, if LK
(3.1.8) dim H* ([, ¢]) :{ ) (9-1) '
rdegL + 1, if deg L > deg K.

Remark 3.1.9. We know that the moduli space M(2,d, L) is connected, for any d and
L ([N, Theorem 7.5]). For r > 2 however, it is not known if M’(r,d, L) is in general
connected, but it is evident that the variety P(r,d, L) is contained in a single connected
component My (r,d, L), which is an open subset of M'(r,d,L). It is not difficult to
prove ([N, Proposition 7.4]) that M{(r,d, L), with the structure of an open subscheme
of M'(r,d, L), is a smooth quasi-projective variety whose dimension is given by (3.1.8).

Now we turn to the study of the cotangent space T(*E7 ¢)M' to M’ at the point
(E, ¢). From our previous discussion on the duality theory for hypercohomology, we
derive immediately the following
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Proposition 3.1.10. The cotangent space T(*E ¢)./\/l’ is canonically identified with the
first hypercohomology group H([¢,-]) of the complex [¢,-].

Remark 3.1.11. By computing cohomology using a Cech covering V, the group H'([¢, -])
may be described explicitly as the set of pairs ({a;},{ni;}) € C°(V,End(F) ® K) x
CY(V,End(E) ® L' ® K), such that {n;;} is a 1-cocycle and (a; — a;)|v;, = [, mij],
modulo the equivalence relation defined by ({c}}, {n;;}) ~ ({i}, {ni;}) iff there exists
an element {0;} € C°(V,End(E) ® L™ ® K) such that of = a; + [¢,6;] and 7n;; =
Mg + (05 — 03)|v,; -

Now, for (E, ¢) € P, applying the same reasoning as before to the complex [¢, -], we
get the exact sequence

(3.1.9) 0— H°C,End(F)® K) — HY([¢,-]) — H(C,End(E)® L' ® K) — 0,
which, by Serre duality, coincides with the dual of (3.1.4).

Remark 3.1.12. It is now easy to globalize this construction to the whole tangent and
cotangent bundles to M, (we restrict to M{ because it is not known if M’ is smooth).
For simplicity let us denote by End(E) the sheaf on M{ x C' which was previously de-
noted End(E’). Let @ be the canonical section of End(E) @ p* L defined in Remark 1.3.3,
and let us denote by ¢ : M x C — M{ and p : M{; x C — C' the canonical projections.
If we denote by [, @] the complex of vector bundles over M{, x C

0 — End(&) L2 end(&) @ p*(L) — 0

and by [®, -] the complex

0 — End(&) @ p* (L' @ K) 2L end (&) @ p*(K) — 0,

we have canonical identifications TM{, = Rlq,([-,®?]) and T* M} = Rlq. ([P, ]), where
Rlgq, is the first hyperderived functor of g..

3.2 Explicit expression of the duality between H! ([, ¢]) and H!([¢,]).

In the previous section we have found an explicit description of the hypercohomology
groups H' ([, ¢]) and H'([¢,-]) in terms of Cech cocycles. By Serre duality we have a
nondegenerate pairing

res

(3.2.1) H' ([, ¢]) x H'([¢, ]) = H'(C,K) — C,

where res denotes the “residue” map.
We have the following

Proposition 3.2.1. In terms of Cech cocycles, the pairing (3.2.1) may be described as
follows: to the elements of H([-,#]) and H*([p,]) represented respectively by cocycles
({ai}, {mi;}) € CO(V, End(E)® L) x CH(V, End(E)) and ({5}, {0;;}) € CO(V, End(E)®
K)x C'(V,End(E) @ L™ @ K), we associate the element of H'(C, K) represented by
the 1-cocycle defined, on the open subset Vij;, by Tr(a;0;; + Bmij;)-

Proof. By using the explicit description of the hypercohomology groups previously
found and elementary properties of the trace map, it is easy to prove that the col-
lection of sections Tr(cu6;; + Bn:i;) € I'(Vij, K) represents a well-defined element of
HY(C, K). From this, our assertion follows immediately. [
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3.3 Vector fields.

In this section we shall give an expression for vector fields on the variety P in terms
of first order differential operators.

First let us recall some general facts. If X is a k-scheme, a tangent vector field on
X is a k-linear map of sheaves D : Ox — Ox such that the induced map D(U) :
['U,0x) — I'(U,Ox) is a k-derivation, for every open subset U of X. Equivalently, a
vector field on X may be expressed by an automorphism over Spec(kle])

X x Spec(kld]) 25 X x Spec(kle])

N\ /
Spec(k[e])

which restricts to the identity morphism of X when one looks at the fibers over Spec(k).
Over an open affine subset U = Spec A of X the tangent field D : Ox — Ox is given
equivalently by a k-derivation D(U) : A — A. In this situation the automorphism D
is determined by the k-algebra homomorphism D(U) : Ale] — Ale] given by D(U) =
1+ eD(U).
We have the following result (see [M, pp. 100-101]):

Lemma 3.3.1. Let Dy and Dy be two vector fields on X and set D3 = [Dy, Ds]. Let
us denote by Dy, Dy and Ds the corresponding automorphisms of X x Spec(k[e]). Let
o; : kle] — kle, €] be k-algebra homomorphisms defined by o1(€) = €, o2(€) = € and
os3(€) = e€’. Then o; induces a morphism Spec(o;) : Spec(kle, €']) — Spec(kle]) and we
get automorphisms

X x Spec(kle, €]) i X x Spec(kle, €'])
N\ /
Spec(kle, €'])

by taking fiber products with Spec(kle, €']) over Spec(kle]) via Spec(a;).

Under these hypotheses it follows that D is equal to the commutator D}, D] =
Dy, Dy 4.

Let now D : Op — Op be a tangent vector field on P and D the corresponding
automorphism of P x Spec(Cle]). Let (£, ®) be a local universal family for stable pairs
in P (see Remark 1.2.2) and (€[], P[e]) its pull-back to P x Spec(Cle]) x C. The vector
field D (or the automorphism D) may be described locally by giving the infinitesimal
deformation (&, ®.) = (D x 1¢)*(E,®) of the local universal family (£, ). At a point
(E, ) € P the corresponding tangent vector is given by (Ee, ¢c) = (Ec, Pe)|1(B,0)}xC.s
which is an infinitesimal deformation of the pair (E, ¢).

From what we have previously seen (see Remark 3.1.12), the tangent field (&, @)
corresponds to a global section (a,n) = ({a;}, {mi;}) of Rlq.([,®]), which can be
described in terms of first order differential operators.

First we need the following

Remark 3.3.2. Let m: X — Y be a morphism (locally of finite presentation) of schemes,
and F, G two locally free sheaves on X. Let Diff'y,y (F,G) denote the sheaf of relative
differential operators from F to G of order < n. In the sequel we shall be concerned
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only with first order differential operators. From general well-known results (see [EGA
IV, §16.8]) it is easy to derive the following exact sequence

0 — Homx (F,G) — Diﬁﬁ(/y(}",g) % Dery (Ox) ® Homx (F,G) — 0,

where o is the symbol morphism. Then, if G = F and if we restrict to differential
operators with ‘scalar symbol’, written simply Dﬁf /Y(f ), we get the exact sequence

(3.3.1) 0 — Endx (F) — Dx,y(F) = Dery(Ox) — 0.

When r and d are relatively prime, i.e., when there exists a Poincaré pair (£,®) on P,
we may apply this result to the morphism p : P x C — C, with F = £, finding the
exact sequence

(3.3.2) 0 — End(E) — DE(E) — ¢*TP — 0,

where D&(E) = Dpy o /c(€) is the sheaf of first-order differential operators with scalar
symbol on £ which are p*(O¢)-linear, and g : P x C' — P is the canonical projection.
In the general case there does not exist a Poincaré pair on P, but the sheaf End(€) is
always defined, as we have seen in Remarks 1.1.2 and 1.3.3. By applying the same rea-
soning, we may prove that the sheaf ch(é’ ) is always defined, hence the exact sequence
(3.3.2) exists even if r and d are not relatively prime.
We have the following

Proposition 3.3.3. Let D : Op — Op be a tangent vector field to P corresponding
to the infinitesimal deformation (E.,Pc) = (D x 1¢)*(E,®), described by the global
section (a,n) = ({a;},{ni;}) of Rlq.([-,P]). Then there exist an open affine covering
V = (Vi)ier of P x C and first-order differential operators D; € T'(V;, D§(E)) such that
a; = [Di, @] and n;; = (D; — D)

Vij -

Proof. We notice that if D is a section of Dg (&) over an open subset V, then [D, @] is
a section of End(€) @ p* (L), hence we have a homomorphism

(3.3.3) [, @] : D&(E) — End(E) @ p*(L).

The complex 0 — D (E) b2 End (&) ® p*(L) — 0 will be denoted by [+, Dp1 (¢).
By recalling (3.3.2) we can write the short exact sequence of complexes

0 ——  &ndl) ——  DLE)  —— TP —— 0
[

l P l[.,q&]véw) l

0 —— &nd(€) @ p*(L)

End(E)@p* (L) —— 0 — 0.

Now, by applying the functor g, and noting that q.q*TP = TP, since q is a proper
morphism, we get a long exact sequence of hyperderived functors, a piece of which is

(334) = TP — qu*([.’gp]) - RlQ*([W@]DlC(S)) o
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It is evident that the map TP — Rlq.([-,®]) is the isomorphism described in Re-
mark 3.1.12, hence the image of Rlq.([-,®]) in ]qu*([-,@]plc(g)) is zero. This means

that, for each section (a,n) = ({ai}, {ni;}) of R'q.([-,P]), there exist sections D; of
D¢ (&) over suitable open subsets V;, such that a; = [D;, @] and nij = (Dj—Dy)|v,,. O

Remark 3.3.4. Now we give another interpretation of (the proof of) the preceding propo-
sition, which will be useful in the sequel.

Let D : Op — Op be the derivation corresponding to the infinitesimal deformation
(E.,D.) = (D x 1¢)*(E,®) determined by the global section (o, n) = ({ay}, {ni;}) of
Rq. ([, ®]). Let (V;)icr, Vi = Spec(A4;), be an open affine covering of P x C. The vector
field D is locally described by giving, for each i € I, a C[e]-automorphism of A;[e] of
the form 14 eD;, where D; : A; — A; is the C-derivation determined by the restriction
of D to V;. Let M; =T'(V;,€) and M;[e] = I'(V;, £[¢]). The infinitesimal deformation

E = (Dx1c)*E [] may be described as obtained by gluing the sheaves J\/I_Z\[Z] by means
of suitable isomorphisms.
Let us denote by

—~——

1+eD;: &

—~—

Vi xSpec(Cle) — Mile]

the trivialization isomorphisms, where D; : M; — M; is a first order differential operator
with associated C-derivation D; : A; — A;. By what we have previously seen, the gluing
isomorphism on the intersection V; NV is given by 14 en;; = (1 +€D;)(1 4+ €D;) ' =
1+ E(Dj — Dz), hence Nij = Dj — Dz

Noticing that the pull-back of @ to & = (D x 1¢)*(&) is locally given by

M;[e] ® 4,1 Aile] 225 M; © Ll @4, Ailel,

we get the following commutative diagram defining «;:
LteDi®1
V;xSpec(Cle]) ——— M; ® Lie]

(3.3.5) qu Tq;mi

SE‘ViXSpeC(C[e]) - M’L [6]

—_—~

1+€D1

—_——

E @ Lle]

From this we deduce that a; = [D;, ]

Remark 3.3.5. An analogue of Proposition 3.3.3 holds when we replace the variety P
by U. From the exact sequence

0 — End(E) — DE(E) — ¢*TU — 0,
where End(E) and D () are now sheaves on U x C, one gets

As in the preceding case, it is easy to verify that the connecting homomorphism 4 :
TU — Rlq. End(&) is the isomorphism given by the Kodaira-Spencer map, hence the
image of R'q,End(€) in R'q. DL(E) is zero. This means that for every section of
Rlq. End(E), represented by a 1-cocycle {n;;}, there exist differential operators D;
such that 7n;; = Dj — DZ



16 FRANCESCO BOTTACIN

4. SYMPLECTIC GEOMETRY

4.1 Symplectic and Poisson structures..

In this section we briefly recall some definitions and results of symplectic geometry
which we shall need later.

Let X be a smooth algebraic variety over the complex field C. A symplectic structure
on X is a closed nondegenerate 2-form w € H°(X,0%). Note that the existence of a
symplectic structure on X implies that the dimension of X is even. Given a symplectic
structure w we define, for every f € I'(U, Ox), the Hamiltonian vector field H; by re-
quiring that w(H s, v) = (df,v), for every tangent field v. Then, for f,g € I'(U,Ox), we
define the Poisson bracket {f, g} of f and g by setting {f, g} = (H¢,dg) = w(Hy, Hy).
The map g — {f, g} is a derivation of I'(U, Ox) whose corresponding vector field is
precisely Hy. The pairing {-,-} on Ox is a bilinear antisymmetric map which is a
derivation in each entry and satisfies the Jacobi identity

(4'1'1) {f7 {g,h}}—l—{g,{h,f}}+{h,{f,g}}:O,

for any f,g,h € T'(U, Ox). This implies that [Hy, Hy] = Hyy, 4y, where [u,v] = uv — vu
is the commutator of the vector fields v and v.

Example 4.1.1. Let 7 : T*X — X be the cotangent bundle to X. The cotangent
morphism to 7 is a morphism 777 : 7*T*X =T*X xx T*X — T*T*X. If we restrict
this map to the diagonal of T*X xx T*X, we get a map T*X — T*T*X, which is
a section of the bundle T*T*X — T*X, i.e., a differential form of degree 1. This is
the canonical 1-form on T* X, denoted by ax. The closed 2-form w = —dax is the
canonical symplectic form on T*X.

A Poisson structure on X is defined as a Lie algebra structure {-, -} on Ox satisfying
the identity {f,gh} = {f,g}h + g{f, h}. Equivalently one may give an antisymmetric
contravariant 2-tensor § € HO(X,A*TX) and set {f,g} = (0,df A dg). Then 0 is a
Poisson structure if the bracket it defines satisfies the Jacobi identity (4.1.1). For any
f e T(U,Ox), the map g — {f,g} is a derivation of I'(U, Ox), hence corresponds to
a vector field Hy on U, called the hamiltonian vector field associated to f. When 6
has maximal rank everywhere, we say that the Poisson structure is symplectic. In fact,
in this case, to give 0 is equivalent to giving its inverse 2-form w € H(X,Q%), i.e., a
symplectic structure on X.

Let us describe an important example of a Poisson structure which is not symplectic.

Example 4.1.2. Let g be a Lie algebra over C. The dual g* of g is endowed with a
canonical Poisson structure, called the Kostant-Kirillov structure, defined as follows:
for o € g* we define 6(a) € A?g* by requiring that 0(«)(a,b) = a([a, b]), for all a,b € g.

Let f and g be holomorphic functions over an open subset U of g*. For every a € U,
the linear forms f’(«) and ¢’'(a) over g* can be regarded as elements of g. The Poisson
bracket of f and g is then given by

{f:9}(@) = a([f(@), ' ()]),

and the hamiltonian vector field Hy over U satisfies Hy(a) = *[adf’ ()] ().
If the Lie algebra g is reductive, it can be given an invariant separating symmetric
bilinear form, which gives a C-linear isomorphism from g* to g. By means of this
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isomorphism we can transfer to g the canonical Poisson structure of g*. The Poisson
structure defined in this way on g is not symplectic: in fact it is tangent to the orbits
of GG, where (G is the Lie group associated to g, and it induces a symplectic structure
on each of these orbits.

In the next section we shall discuss a generalization of both Examples 4.1.1 and 4.1.2
which will be needed in the sequel. This construction was suggested by A. Beauville.

4.2 Canonical Poisson structures on the dual of a vector bundle endowed
with a Lie algebra structure.

Let X be a smooth variety and & a locally free Ox-Module endowed with a struc-
ture of a locally free sheaf of Lie algebras over C. We shall denote by & — X the
corresponding vector bundle. Let v : & — T'X be a homomorphism for the structures
of Ox-Modules and of sheaves of Lie algebras, satisfying the following compatibility
condition between the two structures:

(4.2.1) &, f ¢l = f1& ¢l +ul€)(f)C,

for any f € T'(U,Ox) and any &, € I'(U,®), where [-,-] denotes the Lie bracket
operation on &. Let &* be the dual of &.

In this situation we can define a Poisson structure on &*, considered as a variety
over X. First we note that Og~ = Symy (&), the symmetric algebra of & over Ox.
Then, for any open subset U C X and sections &,( € ['(U,®) and f,g € I'(U, Ox), we
set

{&.¢r =14l
(4.2.2) {& /1 =u(©)(f),
{f.g} =0,

and extend {-, -} to all of Og~ by linearity and by using Leibnitz rule for the product of
two elements. We have the following result, whose proof consists in a straightforward
computation:

Proposition 4.2.1. The bracket {-,-} is well-defined and is a Poisson bracket. The
corresponding Poisson structure on the vector bundle &* is called the canonical Poisson
structure associated to the sheaf of Lie algebras & and the homomorphism u : & — TX.

Remark 4.2.2. Let us apply u to (4.2.1). On the left hand side we get u([, f (])

[u(€), fu(Q)] = u(€)(f u(()) — fu(Qu(§) = w(&)(f)u(C) + f[u(€),u(C)], since U(S_)
and u(() are tangent fields on X, while on the right hand side we find u(f [, (]) +

w(u(€)(f)C) = flu(€),u(Q)] + u(€)(f)u(¢). From this we derive that in general

(4.2.3) (S, f ¢ = I8, ¢l —u(€)(f) ¢ € D(X, Ker(u)).

If, for example, u is an injective morphism, then the condition (4.2.1) is automatically
satisfied.

Remark 4.2.3. The idea leading to the definition (4.2.2) originated by studying the
following situation. Let us consider a variety X and a vector bundle 7 : F — X. The
natural action of C* on F determines a direct sum decomposition of O as @ZOZO (9](,;),
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where Og) denotes the subsheaf of Of of rational functions of degree n with respect
to the action of C*. As an example, for every section f of Ox, the rational function
f = f o7 has degree 0, while a section £ of the dual vector bundle E*, considered as a
rational function on F, has degree 1.

In a similar way we have a degree decomposition of the whole tensor algebra over FE,
with the degree map satisfying deg(a ® () = deg(a) + deg(().

Let # € H°(E,A’TE) be a Poisson structure on E, and denote by {-,-} the corre-
sponding Poisson bracket. Let us suppose that deg(f) = —1. For any f,g € H°(U, Og),
their Poisson bracket is given by {f,g} = (0, df A dg), hence we have

deg({f,g}) = deg(f) + deg(g) — 1.

It follows that, if f,g € H°(U, Ox) and f and § are the corresponding rational functions
on F, one has deg({f,g}) = —1, hence {f,g} = 0.

For a section £ of the dual sheaf E* we have deg({¢, f}) = 0, hence {&, f} is a section
of Ox. Moreover it follows from the definition of a Poisson structure that the morphism
uw() ={&,-}: Ox — Ox, f—{&, [}, is a C-derivation of the sheaf Oy, i.e., a tangent
field to X. Hence we get a map u: E* — TX, £ — u(§) = {,-}. It is easy to see that
this is a homomorphism of O x-Modules.

Finally, if £ and ¢ are two sections of E*, it follows that {£, (} has degree 1, hence is
again a section of E*. Thus the Poisson bracket {-, -} induces a map [-,] : E*x E* — E*
which is easily seen to determine a Lie algebra structure on E™.

Now, from the Jacobi identity for {-,-} it follows that u is a homomorphism of sheaves
of Lie algebras, while the compatibility condition (4.2.1) derives from the fact that a
Poisson bracket is a derivation in each entry.

In conclusion this shows that the definition (4.2.2) characterizes all Poisson structures
of degree —1 on a vector bundle E over a variety X.

Remark 4.2.4. If & = T X, the tangent bundle of X, and « is the identity morphism, the
canonical Poisson structure on &* = 7" X defined above coincides with the canonical
symplectic structure of the cotangent bundle of X defined in Example 4.1.1.

If the variety X is reduced to a point, then the sheaf of Lie algebras & is identified
to a Lie algebra g. In this situation the canonical Poisson structure on &* = g* is
precisely the Kostant-Kirillov Poisson structure defined in Example 4.1.2.

4.3 The Poisson structure on the variety P: first approach.

From now on we shall assume that H°(C, K~! ® L) # 0. Let us choose a non-zero
section s € H°(C, K~! ® L) and denote also by s : K — L the homomorphism given
by multiplication by s. Let & be the canonical section of End(£) ® p*L defined in
Remark 1.3.3. We have a morphism of complexes

0 — End(€) P ena@) @ pt (L) —— 0

(4.3.1) [~ E

0 —— &nd(&)@p" (L '@ K) ﬁ) End(&) @ p*(K) —— 0,
¢’.

which induces on hypercohomology the morphism

(4.3.2) B, :Rlq.([®,]) — Rliq.([-, D).
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Precisely, for every point (E, ¢) € M’, we have the morphism of complexes

0 —— End(E) A ey oL —— 0

(4.3.3) [~ E

0 —— End(E)o L' 9K —— End(E)© K —— 0,
[d)’]

which induces a morphism on hypercohomology groups
(4.3.4) B, H'([¢,]) — H'([-, ¢)).

By recalling the natural identifications TM{ = Rlq, ([, ®]) and T* M} = Rlq. ([, ]),
we can define a contravariant 2-tensor 0, € HO(M}, ®> TM}) by setting (0, a ® 3) =
{a, Bs(8)), for 1-forms a and 3 considered as sections of R1q,([®, -]), where (-, -) denotes
the duality pairing between T M{, and T* M.

More explicitly, if we fix our attention to the tangent and cotangent spaces to M, at a
point (F, ¢) and recall the description of the hypercohomology groups given in terms of
Cech cocycles, the map B, : H'([¢,-]) — H([-, ¢]) may be written explicitly as follows:
for ({ai}. {n;}) € H([6, ), we have By({a;} {nj}) = ({sai}, {—sm;}). It is now
immediate to prove that By is skew-symmetric, hence 6, is actually an antisymmetric
contravariant 2-tensor, i.e., 8, € H(M{, A>T M}). To prove that @, defines a Poisson
structure on My it remains only to show that the corresponding bracket, defined by
setting {f,g} = (0s,df A dg), satisfies the Jacobi identity. Unfortunately this is not
easy.

Remark 4.3.1. In the sequel we shall see that 6, defines a Poisson structure on P. It
follows that this is true also for the connected component Mj, of M’ containing P. In
particular this holds for M(2,d, L), since it is known to be connected.

4.4 The map B;..

Let us study more closely the morphism B : H([¢,:]) — H!([-,¢]). The global
section s € HY(C, K~! @ L) defines an effective divisor Dg on C, such that O¢(D;) =
K~'®L. For any sheaf F on C' let us denote by Fp_ the sheaf j*(F), where j : D, — C
is the natural inclusion.

We have an exact sequence of complexes (written vertically)

0 —— EndE)®K —>— &nd(B)® L —— End(E)® Lp, —— 0

)
6.1 [0 a1,

0 —— End(E)Q L' K —>— &nd(E) —— &nd(E)p, —— 0
giving rise to a long exact sequence of hypercohomology groups
B 5 B;
(44.1) 0—H([¢,]) == H([,¢]) = H([-,¢]p,) = H'([¢,]) = H' ([, ¢]) — -~

If (E,¢) is a stable pair, we have seen that H'([-,¢]) = C, and H°([¢,:]) = C if
L = K or is equal to 0 if deg L > deg K. Moreover it follows from the definitions that
HO([,¢lp,) = {a € H*(C,End(E)p,) | [a, ¢]p, =0}.
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If deg L > deg K let us suppose for simplicity that Dy = Y .~ | P;, with P; # P; if
1 # 7, where m = deg L —deg K. Under this assumption we have natural identifications
HO(C7 5nd(E)Ds) = @Zl gnd(E)Pz and ['=¢]Ds = @;’;1['7¢Pi]7 where ¢Pi : E-Pi -
Ep, ® Lp, is the homomorphism induced by ¢ on the fibers over P;. From this we derive
that HO(['7¢]DS) = @:il C(¢Pz)7 where C(¢PZ) = {aPi S gnd(E)Pz | [aPiv¢Pi] = 0}
From the exact sequence (4.4.1) it follows that dim(ker B;) = >, dim C(¢p,) — 1. By
recalling (3.1.8), we find that the rank of By is given by

(4.4.2) rank(B,) = r?deg(L) — i dim C(¢p,) + 2.
=1

At a generic point (E, ¢) € M'(r,d, L) we have dim C(¢p,) = r (in which case the map
¢p, is called regular), hence we find

(4.4.3) rank(Bs) = r(r —1)deg(L) + 2r(g — 1) + 2.

This is the maximum value attained by the rank of Bs. On the contrary its minimum
value, reached at points (E,$) € M'(r,d, L) where dimC(¢p,) = r* (e.g., if ¢ is
represented by a scalar matrix), is 72 deg(K) + 2.

4.5 The symplectic case: L = K.

In this section we shall restrict to the case L = K, where the variety P is canonically
isomorphic to the cotangent bundle T*U of the moduli variety U, hence has a canonical
symplectic structure. This is the case considered by N. Hitchin in [HJ.

We shall prove the following result

Theorem 4.5.1. Let s be the identity section of H*(C, K~ @ K), i.e., the identity
homomorphism s = id : K — K. Then the antisymmetric contravariant 2-tensor
0s = 01 defines a Poisson structure on P which is symplectic and coincides with the
canonical symplectic structure of T*U, via the natural identification P = T*U.

Proof. We recall that the variety P is the total space of the vector bundle H =
g« Hom(E,€ ® p*(L)). We have denoted by m : P — U the natural projection and
by @ the canonical section of 7*H.

Let us denote by ap : P — T*P the canonical 1-form on P = T*U defined in
Example 4.1.1. By recalling the identification T*P = Rlq,([®,]), we find that ap is
the global section (&,0) of Rlq,([®,]) defined as the image of @ by the natural map
7*H — Rlq.([®,]) derived from the dual exact sequence of (3.1.6). Precisely, for every
point (E,¢) € P, the element ap(E, ¢) of the cotangent space H'([¢,]) to P at the
point (E, ¢) is the image of the global section ¢ of End(E) ® K by the natural injective
map H°(C,End(E) ® K) — H([¢,-]) (see (3.1.9)), i.e., in terms of Cech cocycles, we
may write ap(F,¢) = (¢,0). The canonical symplectic form on P is then w = —dap.

Let D', D* : Op — Op be two tangent vector fields to P and ({;},{nj;}),
({a7}, {n;}) the corresponding global sections of R'q.([-,®]). From Proposition 3.3.3

it follows that there exist first order differential operators D} and D? such that o/ =
[D', ®] and "r)zhj = D;L — DI for all 4,5 and for h = 1,2.
By recalling the conventions of Section 3.3, let us denote by

thlc
_—

P x Spec(Cle, €']) x C P x Spec(Cle, €']) x C

N /
Spec(Cle, €'])
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the automorphism corresponding to D". From what we have seen in Remark 3.3.4,
the vector field D" is given equivalently by the infinitesimal deformation (£, ®") =
(D" x 16)*(€,®) of (£,®), described by the global section ({af}, {nfj}) of Riq.([-,d]).

e~

Let us recall that if f/' : EMy, — M]e] are isomorphisms, then the sheaf £ is con-

—_—

structed by gluing the sheaves M/*[e] and M Jh [e] along the open sets U;; by means of

—_—

Us; © fl-h_1|U1;j- In terms of the sheaves M/[e], the
deformation @" of @ is given locally by @ + eal.

By applying the same reasoning, the second order differential operator D'D? is
equivalent to the pair (D' x 1¢)*(D? x 1¢)*(€,®). We have isomorphisms

the isomorphisms 1 + 577% = fjh

(14+eD})o(1+4€' D?) ——

(Dl X 10)*(D2 X 10)*5 U; xSpec(C[e,e’]) Mi[€, 6/]5

hence the gluing isomorphisms are given by ((1 + eDjl.) o(l+ e’DJQ.)) o((14+eD})o(1+
€D?)) =1+ e(DJ1 — D!+ e’(Djz - D?)+ ee'(Djl-DJQ- — D?DZ1 - D;Dl2 + D?D}). Note
that this can be written in a simpler form as 1 + en}; + ¢'n?; + ee’(D;nfj - nijll)

For what concerns the pull-back (D! x 1¢)*(D? x 1¢)*(®), we have the following

commutative diagram, analogous to (3.3.5):

~ - " (1+6Di1)o(1+e/Di2) -
(Dl X lc) (D2 X 10) E® L[E, EIHUZ'XSpec((C[e,e’]) Mi (%9 Li[é, 6/]
@T q5+€7-9i+5/<i+65,£i1\
(1+6Di1)o(1—|—e'Di2) -

(Dl X 10)*([)2 X 10)*5

U; xSpec(C[e,e’]) Mi[ﬁ,ﬁl].
From this it follows that 9; = [D},®] = o}, ¢; = [D?,®] = o2 and & = [D},[D?,9]] =
(D, of].

In conclusion we have proved that the second order differential operator D'D? is
described by giving gluing isomorphisms of the form

(4.5.1) 1+ enilj + e'n?j - ee/(D}nfj — n?jDil),
in terms of which the infinitesimal deformation of @ is locally written as
(4.5.2) ® + eal + €a? + e [D}, 02,

Analogously, we find that D?D! is equivalent to the data of

(4.5.3) 1+ enj; + €'ni; + ec' (Dinl; —ni D7),
and
(4.5.4) P+ eal +€a? + e [D?,al].

Then, by Lemma 3.3.1, the vector field [D!, D?] is given by

1+ e ([DY, D%, — [D*, D?),)
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and o
® +e'[[DY, D?*];, D).

Let us denote by &' and &2 the vector fields corresponding to D' and D?. We
shall use the preceding results to compute dap (€1, €2) = £ ((ap, £2)) — E2((ap, &) —

(ap, [€1,€%]).
The 1-form ap corresponds to the global section (@, 0) of Rlq.([®,-]), hence, by the
explicit expression of the duality given in Section 3.2, we have (ap, £2) = reso Tr(@nfj).

To compute £ ({ap, £2)), i.e., the derivative of the function (ap, £2) with respect to the
vector field &', we shall use first order Taylor series expansions of ap and €2, i.e., we
shall compute (ap,,&2), where ap, and &2 are “infinitesimal deformations along the
vector field €17 of ap and &2 respectively.

By what we have previously seen we have:

<a7)67€€2> = reSOTr(@En?ij)
a1 222 A2 PH2HL L PHIH2 L H2HL
=reso Tr(@n?j) + ereso Tr(@D}D? - SPDJZDZ1 - SPDJIDZ2 +®D2D}
— oD} D} + D! D? + D!$D? — D;®D?),
hence
¢ ((ap, &%) =reso Tr(0D}D? — DD} — D} D? + &D? D]
— ¢D! D3 + D} D? + D{®D? — D!®D?).
With similar computations for £2({ap,£t)), we find that
& ((ap, &) =reso Tr(PDID} — dDID? — dD3D] + ®D} D?
92 1”1 211 L P21 P25 1
—QD;D; + PD;D; + D;PD; — D;PD; ).
Finally we have:
(ap, [€1,€%]) = resoTx(@ - ([D', D?]; - [D', D?];))
=reso Tr(gﬁDlej2 - q5D32DJ1 —®D}D? +oD2D}).
From this we derive that:
dap (¢!, &) =reso Tr(D}®D? — D{®D} — D} D? + D} D}
2501 1 P28 D1 22 71 22 71
Now we recall that, by the choice of the identity section of Hom(K, K), we have
defined an antisymmetric contravariant 2-tensor 6; on P. Its inverse 2-form w; is
defined by w1 (£',6%) = (€', B (€%)).
We have:
wi(€,€%) = (i} {niz D), BT ({ad ), {nii 1)
= (({ai}, {ni; 1), {ad}, {=n})

1,2 2.1
= reso Tr(—a;n;; + ajny;),
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and, by replacing the expressions of ! and mhj in terms of D?, we find

wi(¢',€?) = reso Tr(—[D}, @] - (D} — D}) + [D}, 9] - (D} — D}))
=Treso Tr(—D%@DJZ- + DloD? + @D%DJQ —oD!D?
~2 ~1 ~2 ~1 52 11 52 11
+ DD} — Di®D} — DD} + $D3D}),

which proves that w; = —dap. Hence wy is precisely the canonical symplectic structure
on P=T*U. [

4.6 The Poisson structure on the variety P: second approach.

In this section we shall make use of the construction discussed in Section 4.2 to define
a Poisson structure on the variety P.

Let us fix some notations: p : Y x C — C and q : U x C — U are the canonical
projections, s is a fixed global section of K~! ® L and D, is its divisor. We have
Oc(Ds) = K~!' @ L. The variety P is the total space of the sheaf H = ¢, Hom(&,E ®
p*L), whose dual is H* = R'q, Hom(£,€ ® p*(L~! ® K)), which we shall denote by
Rig,(End(€) ® Oc(~D)),

As we have seen, if we define a structure of sheaf of Lie algebras on H* and a homo-
morphism u : H* — TU satisfying certain conditions, we derive a Poisson structure on
the variety P corresponding to the sheaf H = H**.

If L = K this is easy to define. In fact, in this case, we have H* = Rlq, End(€), and
we have seen in Remark 3.3.5 that for every section of R'q, End(€), represented by a
1-cocycle {n;;}, there exist differential operators Di such that 7;; = Dj - Dl In view

of the isomorphism TU 2, Rlq, End(€), the Lie algebra structure of H* may be read
on TU (and the homomorphism u is simply the inverse of the isomorphism §). This
implies that, if n}; = D} — D} and n7; = D? — D7, their Lie bracket is given by

i} i = {[D*, D?); — [D*, D*);} = {[ni;. D] + (D}, ]}

We have seen in Section 4.2 that the corresponding Poisson structure on P is sym-
plectic and coincides with the canonical symplectic structure on T*U, via the natural
isomorphism P = T*U, hence coincides with the Poisson structure defined by the anti-
symmetric contravariant 2-tensor 6.

Now we turn to the general situation.

From the exact sequences

0 — End(E) — DE(E) — ¢*TU — 0

and
0 — Oc(—D,) = Oc = Op, — 0,

we derive
(4.6.1) 0 — End(E) @ Oc(—Ds) — DE(E) @ Oc(—Ds) — ¢*TU @ Oc(—Dy) — 0
and

(4.6.2) 0 — End(€) ® Oc(—Dy) = End(E) = End(E)p, — 0.
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By applying the direct image functor q., we get the following commutative diagram:
qs End(E)

T

0 g« Snd(é’)p

| 5

(4.6.3) TU®R Oc(—Dy) —>— Rlq.(End(€) ® Oc(—Dy))

E s

TU —— R'q. End (&) —— R'q.DE(E)

s

0

Note that the map s : R'q.(End(£) ® Oc(—Dy)) — Rlq. End(€) is surjective, but at
the level of 1-cocycles is injective.

If {7711]} and {n;} are l-cocycles with values in Rlq.(End(&) ® O.c(—Ds)), we have
sny; = Dj — D} and snj; = D3 — DZ, for some differential operators Dj and D;. Hence
we can define the 1-cocycle {[sn;, DJQ] + [D}, sn?j]}ij with values in Rlq, End(E).

Let us recall that D} and D? are sections of Dg(E), hence they act as first order
differential operators on functions on U, but are linear with respect to functions defined
on C. It follows that {[sn}j, Djz]—f—[DZl, snfj]} = s{[n}j, D§]+[Dzl, nfj]}, where {[nilj, D?]—i—
(D}, n5;1} is a well-defined 1-cocycle with values in R'q.(End(€) ® Oc(—Dy)).

We define the Lie bracket of {nilj} and {n?j} by setting

(4.6.4) [{77113'}7 {77z23}] = {[772‘13‘7DJZ'] + [Dianfj]}-

This is a well-defined antisymmetric bilinear map on R'q.(End(£) @ Oc(—Dy)). By
using the injectivity of the multiplication by s on 1-cocycles and the fact that the
analogous bracket previously defined on Rlq, End(€) is equivalent to the Lie algebra
structure of the tangent bundle TU, it follows that (4.6.4) defines a Lie algebra structure
on R'q.(End(£) @ Oc(—Dy)), which is exactly what we wanted. Now we take as
w: R'q.(End(E)®0Oc(—Dy)) — TU the composition of s : Rq,(End(£)@0Oc(—Dys)) —
Rlq, End(&) with the canonical isomorphism Rlq, End(£) = TU. Tt is trivial to verify
that u is a homomorphism of sheaves of Lie algebras and satisfies the compatibility
condition (4.2.1).
Let us describe the induced Lie algebra structure on q. End (&) p, /r(q. End(E)).

Theorem 4.6.1. The Lie algebra structure defined on R'q.(End(E) @ Oc(—Dy)) by
(4.6.4) induces on q. End(E)p, the usual Lie algebra structure, i.e., the usual commu-
tator of endomorphisms. This structure passes to the quotient modulo r(q. End(E)).

More explicitly, on the fiber over a point E € U we have the usual Lie algebra
structure on H°(C,End(E)p,)/r(H°(C,End(E))). Note that the stability of E implies
that H°(C,End(E)) = C.
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Proof. Let us begin by giving an explicit description of the connecting homomorphism
§:q.End(E)p, — R'q.(End(E) @ Oc(—Dy)). On the fiber over the point E it is given
by the connecting homomorphism ¢ : H*(C,End(E)p,) — HY(C,End(E) ® L™! @ K).

Let us suppose, for simplicity, that Dy = Y 0" | P;, with P; # P; if i # j, and let
Y = (¥i)iz1,..m € H(C,End(E)p,) = @, End(E)p,. Let ¢ = {1;} be a 0-cochain
with values in End(FE), such that v;(P;) = 1;, where 1;(P;) denotes the endomorphism
induced by ; on the fiber of E over P; (if P; belongs to the open set where 9; is
defined). We have 6(1));; = (1; — ;) = (s04j), for some 1-cocycle o = {0;;} with values
in End(E)® L™ ® K. The image (1)) of ¢ is the element of H*(C,End(E)®@ L' @ K)
defined by the 1-cocycle o.

Now let ¢! = (1)) and 12 = (¥?) be two global sections of q, End(€)p,. As we have
seen, we can ﬁnd 0-cochains 9! = (1/1) and % = (¢2) with values in ¢, End(€) such
that @/Jh( 2) = i, for h = 1,2. Then the equalities I/Jh P = sah define two 1-cocycles
{o;} and {07 } Wlth values in g, End(E) @ Oc(—D ) and we have 6(¢') = {o};} and

(¢2) - {Uz]}

Now we Compute the Lie bracket of {ol;} and {07;} in R'q. (Snd(é') ® Oc(—Dy)).

Since we have sa q/zh Y = j Dh this implies that Dh h considered as
a first order dlfferentlal operator, hence it follovvs that

[sol, D3]+ [D}, so%] = [} — &}, 2] + [f, 7 — 7]
:[’Lﬁj,@bj]—[@bi,l/_)?]

= STij,

for a uniquely determined 1-cocycle {7;;}. By definition, we have [{O'U} {o3:}] = {m;}-
On the other hand, starting from the global section & = [1!,9)?] of ¢, End(E)p,, we

find that the O-cochain £ is equal to [t)!,9?]. Hence &; — & = | ,w?] [}, 2] = sTij,

which implies that the image §(€) of £ is equal to the Lie bracket of {o};} and {o7;}.
In other words we have

o([h 9%) = [6(¥1), 6(v%),

i.e., §:q.End(E)p, — R'q.(End(E) @ Oc(—Dy)) is a homomorphism of sheaves of Lie
algebras, where ¢. End (&) p, is endowed with the natural Lie algebra structure given by
the usual commutator of endomorphisms. It is obvious that this Lie algebra structure
passes to the quotient modulo the image of ¢, End(E) by r. O

Remark 4.6.2. The Lie algebra structure of ¢, End(€)p, allows us to define a Pois-
son structure on the dual sheaf (this is the analogue of the classical Poisson struc-
ture of Kostant-Kirillov). The dual sheaf to ¢, End(€)p, is canonically identified with
¢+ (End (&) @ p*(L)), the duality pairing being given by the trace map. Hence the Pois-
son structure defined on P by the Lie algebra structure of Rlq.(End(£) @ Oc(—Dy))
induces on the fiber H°(C,End(E) ® L) of P over the point E € U the usual Poisson
structure of Kostant-Kirillov.

Let us turn back to the study of the Poisson structure of the variety P.

We denote by {-,-}s the bracket defined on I'(U,Op) by the antisymmetric con-
travariant 2-tensor 6 defined in Section 4.3, i.e., {f,g}s = (0s,df A dg) = (df, Bs(dg)),
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for any f,g € I'(U,Op), and by {-,-} the Poisson bracket associated to the Lie algebra
structure of H* and to the homomorphism s : H* — TU. We recall that this is uniquely
determined by setting { f, g} = 0, for any two sections f and g of Oy (thought of as func-
tions on P by composing with the canonical projection 7 : P — U); {&, f} = s(&)(f),
for any section £ of H* and any section f of Oy, where s(§) = s¢ is identified with a
tangent vector field to U, and {{,(} = [&, (], for any two sections  and ¢ of H*, where
[-,-] is the Lie bracket defined on H*.
We have the following result:

Theorem 4.6.3. The bracket {-, -} is equal to the Poisson bracket {-,-}, hence defines
a Poisson structure on the variety P.

Proof. We shall prove the equality of {-,-}s and {-,-} in the three cases.
Case 1. Let f,g € I'(U,Oy) and denote by f, g the corresponding rational functions
on P. We have seen that, for any point (F, ¢) € P, we have an exact sequence

0 — THU — Tip 5P — H(C,End EQ L' @ K) — 0.

It follows that df(E, ) € T (E ¢)73 is the image of df (E) € TiU, ie., if df(E) = ay €
HO(C,End(E) ® K), then df(E, ¢) = (ay,0) € H([¢,-]). Then we have:

{£f,3}s(E,¢) = (df(E, ¢), Bs(d§(E, ¢))) = {(ay,0), Bs(ag,0)) = 0.

On the other hand {f,§} = 0 by definition, whence the equality of the two brackets.

Case 2. Now let ¢ be a section of Rlq.(End(€) @ Oc(—Ds)) represented by a
1-cocycle {n;;}. The function ¢ corresponding to £ is defined by setting &(F, ¢) =
{ni;(E)}, ¢), where {n;;(E)} is the element of H'(C,End(F) ® L' ® K) defined by
restricting the global section {n;;} of R'q.(End(€) ® Oc(—Ds)) to the fiber over the
point E, and (-, ) is the canonical duality pairing between H*(C,End(E) ® L~! @ K)
and HO(C End(E)® L).

The function £ is linear on the fibers of m : P — U, hence its differential d€ is a
section of T*P whose image in 7* R1q,(End(€) ® Oc(—D,)) corresponds to the section
€. This means that dé(F, @) is represented by an element of H([¢,-]) of the form
2, (i)

It follows that

{&, [}5(B, ¢) = (dE(E, ¢), Bs(df (E,9)))
(7, 4ni}), Bs(ay, 0))
= (Ui}, s ag)
=

{smij}, o)
£(f)-

But this is precisely the definition of the Poisson bracket {£, f1.

Case 3. This is the last and most difficult case.

Let ¢! and €2 be two sections of Rlq.(End(£) @ Oc(—D,)) represented by 1-cocycles
{771'1]'} and {ngj} respectively, and denote by €', €2 the corresponding functions on P.
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We recall that the Poisson bracket {é L 52} is equal to the function corresponding to

the Lie bracket [¢!,£2], i.e., we have {51,52} = [¢1,&2]. On the other hand, to compute
{5 L f 21, we need an explicit expression for the differentials dé 1 and d5~2, so let us start
by finding d€ for a section & of R'q,(End(E) @ Oc(—Dy)).

Let & be represented by a 1-cocycle {n;;}. We know that there exist first order
differential operators D¢ (on the variety U) such that si;; = D;é — D¥.

Let 7 = ({a;},{pi;}) be a tangent field to P, corresponding to a derivation D7
of Op. We know that there exist first order differential operators D] (this time on
the variety P), such that we have a; = [DJ,®] and p; = DJT — D7. Let us denote
by 7(E,¢) = ({ai(E,¢)}, {pij(E,¢)}) the tangent vector to P at the point (E,¢)
determined by the vector field 7. The tangent vector 7(F,¢) projects to a tangent
vector 7 to U at the point E, given by the element {u;;(E,¢)} € H'(C,End(E)).

In terms of infinitesimal deformations, the vector field s is given equivalently by an
automorphism

U x Spec(Cle]) x ¢ LFeP)xIe,

U x Spec(Cle]) x C,
and is represented (locally) by the infinitesimal deformation & = ((1 4 eD%¢) x 1¢)*E]e]
of the local universal family £ on U.

The tangent vector 7 is equivalent to a morphism 7 : Spec(C[¢']) x C — U x C,
corresponding to an infinitesimal deformation E.. = 7*E[€¢'], represented by the element
{,uij (E, ¢)} € Hl(C, End E)

Now we can compute &(E, ¢.), where (E., ¢.) is the infinitesimal deformation of
(E, ¢) corresponding to the tangent vector 7(E, ¢).

We have £(E., ¢.) = ((1ij)e, ), where (1ij)e is the “infinitesimal deformation” of
n;; in the direction of 7 at the point (E, ¢).

Let us consider the tangent field s¢ on Y. The situation may be summarized by the
following diagram:

(1—|—€DS§) X1lco
-

U x Spec(Cle, €']) x C U x Spec(Cle, €']) x C

T(l—l/—_e\’ﬁf)xlc
Spec(Cle, €']) x C

By pulling back we get the sheaf ((14 ¢ D7) x 1¢)*((1 4+ eD%¢) x 1¢)*E[e, €], and we
have already seen in Section 4.5 that this is described by giving gluing isomorphisms
of the form 1+ €(sn;;) + € (pi;) + €€’ (D] (sni;) — sni; D]). To simplify the notations we
have not explicitly written the restrictions, but all differential operators are intended
to be restricted to {E} x C.

It follows that s(nij)e = sni; + (D] (sni;) — sn.ijDZ) = snij + se(Dinij — ni; D),
by the Oc-linearity of the differential operators D]. Now, by the injectivity of the
multiplication by s on cocycles, we derive that

(4.6.5) (Nig)e = mij + E(D]T'Uij — ni;D7).
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It follows that
§(Ee; @) = ({ni;(E) + e(Djniz — 1i; D7)} {d + €ai})
(4.6.6) = resoTr(n;;¢) + ereso Tr(ayn;; + (D;nw — nwD:)qb)
= £(B,9) + € (E,9),
where &'(F, ¢) denotes the derivative of £, with respect to the tangent vector 7, at the
point (E, ¢). )

We have already seen in Case 2 that the differential of £ at the point (E, ¢) is given
by an element of H'([¢,]) of the form ({o;(E,®)},{n:;(E,$)}), where {n;;(E,¢)} is
the element of H'(C,End(F) ® L= ® K) determined by the global section {n;;} of
Rlq.(End(&) ® Oc(—D;5)) corresponding to &, and {0;(E, ¢)} is unknown. Now, using
the fact that (d§(E, @), 7(E, ¢)) = &' (E, ¢), we have:

§'(E,0) = (dE(B,¢),7(E, ¢))
= (({oi} {nis 1), Qeat, {pis 1))
=TIes o TI‘(O&Z'T]ij + aj,uij)
= reso Tr(a;m;; + (D;nij — frh-jDZ-T)qS).
This shows that {o;} is determined by requiring that
(4.6.7) reso Tr(ojpij) =reso Tr((Dijj —1;D7)).

Note that if in the formula (4.6.6) we had used ¢ + ec; in place of ¢ + eq;, we would
have found

(4.6.8) reso Tr(ojp;j) = reso Tr((DJT-mj — UijDiTW)-
Now we are able to compute {51, £2},.
{6 E)(E, ¢) = (dE'(E, ¢), Bo(dE*(E, 9)))
= (({o7 }, {ni; 1), Bs({a7}, {ni 1))
= <({Uzl}7 {7721]})7 ({80-1'2}7 {—5771'2]'}»
= resoTr(—Uil(sn?j) + ‘732'(5771'13'))
= reso Tr((—(D3nf; — ni; D7) + (Djni; — ni; D))
= res o Tr((—D3ni; + 0 DF + Djng; — 07D} o).

From this, using the identities D? = Dj2 — 3771-23- and DJ1 =D} + 8171-1]-, one gets

{51,52}5(1*7» o) = resoTr(([nilj, DJZ] — n}jsn?j + [Dil, 77%] + Sﬂ%ﬂ?j)@
= reSOTr(([mlj, DJQ] +[D}, W?j])ﬁb)

—_——

= ¢ &I(E, ),
which proves the equality of the two brackets and completes the proof of the theo-
rem. [

Remark 4.6.4. From what we have seen, it follows immediately that the morphism from
P(r,d,K) to P(r,d, L) sending the point (E,¢) to (F,s¢) is a morphism of Poisson
varieties.
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4.7 Completely integrable systems.

In the preceding section we have seen that the antisymmetric contravariant 2-tensor
fs defines a Poisson structure on P. By what we have seen in Section 4.3, it follows
that 65 defines a Poisson structure at least on My, the connected component of M’
containing P (see Remark 4.3.1). In the sequel we shall assume that deg(L) > deg(K).

Let us consider the morphism H : M{ — W = @;_, H°(C, L") defined in Sec-
tion 2.2, which associates to each point (E, ¢) € Mj the coefficients of the character-
istic polynomial of ¢. We have seen that the inverse image H ~!(o), for o generic, is
canonically isomorphic to an open subset of an abelian variety, precisely the Jacobian
variety of the spectral curve X, defined by the section o. The complement of H (o)
in Jac(X,) is a closed subset of codimension at least 2.

Let us choose a coordinate system on W. The morphism H is then given by N
polynomial functions Hy, ..., Hy (with N = dim W = $r(r+1)deg(L)—r(g—1)). Since
dim M{, = r? deg(L)+1 and dim H ! (o) = dim Jac(X,) = 2r(r—1) deg(L)+r(g—1)+1,
it follows, by a dimensional count, that Hy,..., Hy are functionally independent, i.e.,
dHy N---NdHy # 0.

Let us denote by X, the hamiltonian vector field associated to the function H;.
If the functions H; are in involution, i.e., if {H;, H;} = 0 for all ¢,j, then we have
[(X#,, Xu,] = Xtm,,m,3 = 0. It follows that the hamiltonian vector field Xp, defines a
holomorphic vector field on the generic fiber H 1 (o). By what we have previously seen,
it extends as a holomorphic vector field to the whole Jacobian variety Jac(X,), hence
is linear. In other words the hamiltonian vector fields Xy, are linear on the fibers of
H and span, on the generic fiber, the space of translation invariant vector fields.

Proposition 4.7.1. The functions H; are in involution, i.e., {H;, H;} =0 for all i, j.

Proof. Let P € C and U C C be an open subset containing P. Let us choose a local
coordinate ¢ on U centered at P and a trivialization A : L|y = Op. By taking the germ
of a section at P and composing with A\(P)®?, we get a map v(P) : H°(C, L?) — C. Let
us denote by A* Tr(P) : M{, — C the map given by the composition of (E, ¢) — Tr(A'¢)
with v(P), i.e., A* Tr(P)(E, ¢) = v(P) Tr(A'®).

The space of functions H; is generated by the functions A7 Tr(P), for j > 0 and
P generic in C. These may be expressed in terms of the functions Tr’(P) : (E, ¢)
v(P) Tr(¢*) by means of Newton’s relations (2.1.1):

—1)-1

v(P) Tr(N @) = %U(P) Tr(¢?) + Q;(v(P) Tr(¢), ..., v(P) Tr(¢/ 1)),
where (); is a universal polynomial in j — 1 variables with rational coefficients. Hence
the space of functions H; is also generated by the functions Tr’ (P), and it suffices to
prove that the Poisson bracket of any two of these is zero.

Let us consider a tangent vector 7 = ({a;}, {1i;}) € H'([-, ¢]) to M{ at the point
(E, @), corresponding to the infinitesimal deformation (E,¢.). By using first order
Taylor series expansions, we have

Tt'(P)(Ee, ) = Ti' (P)(E, ¢) + e Tx'(P)'(E, ¢),

where Tr'(P) (E, ¢) = (d Tr"(P)(E, ¢), T) is the derivative of Tr’(P) in the direction of
T at (B, ).
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By what we have previously seen, we have

Tr!(P)(E., ¢) = v(P) Tr(¢?)
v(P) Tr((¢ + ea)")

v(P) Tr(¢") + eiv(P) Tr(¢" e ).

Note that this is well-defined because we have ay, — ap = [pnk, @], hence Tr(¢*tay,) =
Tr(¢*'ag). From this we derive that Tr'(P)'(E, ¢) = i v(P) Tr(¢"ay).

Now we look for the differential of Tr*(P) at the point (E, ¢).

Let us set dTY"(P)(E, ¢) = ({03}, {vi;}) € H'([¢,]). We have:

Tt'(P)(B, ¢) = (d Tx'(P)(E, ¢),7)
= (({oi} {wij}), (et {ij 1)

=reso Tr(o;pij + ajvij).

Let us choose an open affine covering (U;);=1,2 of the curve C, of the form U; = U
and Uy = C'\ {P}, such that U;o = U \ {P}. In this situation the trace isomorphism
res: H(C,K) — C is given by taking residues at P:

resp : H'(C,K) — C
{ni;} — resp(ni;).

It follows that the differential of Tr’(P) at the point (E, ¢) is determined by the equation
(4.7.1) resp(Tr(oipij + ajviz)) = iv(P) Tr(¢' 1 ay).

Let us consider the element d(/¢ of H'(C,K). This gives a normalized basis of
H'(C,K), in the sense that resp(d¢/¢) = 1.

From now on we use the trivialization A to identify sections of L over U with sections
of Opy. For convenience of notation the composition with A is not explicitly written.
Then we have automorphisms ¢* : E lu — Elu, for each i > 0, and it follows that
¢' d¢/¢ may be considered as an element of I'(Uy2,End(E) ® L™ @ K). We set v15 =
i¢""1d(/¢, o1 = 0 and o9 = 0. This is consistent, in fact we have oy — 01 = [¢, v12] =
(6,861 dC/¢] = i [p, ¢ 1] dC/C = 0. |

To show that this is actually the differential of Tr*(P) at the point (E, ¢), we have
only to check that (4.7.1) is satisfied.

We have

resp(Tr(oipij + ojvi;)) = iresp(Tr(a; - ¢~ 1 dC/Q))
= Z’U(P) Tr(gbi_laj)a

which proves our assertion.

In conclusion we have found that d Tr*(P)(E, ) = (0,3 ¢*~*d¢/¢) € HY ([, -]).

If P! # P is another point of C, we may choose U such that P’ € U. If { is the
local coordinate on U centered at P previously chosen, then (' = ( — ((P) is a local
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coordinate centered at P’. By repeating the above reasoning for the point P’, we get
another isomorphism resp: : H*(C, K) — C, given by taking residues at P’. It follows
that there is a non-zero constant cpps such that resp: = cpprresp.

Now, if we consider the function Tr'(P’), we find that its derivative in the direc-
tion of 7 at (E,¢) is given by Tr*(P')'(E, ¢) = iv(P") Tr(¢" 'aj). Let us denote by
({o:},{vij}) € H'([¢,]) the differential of Tr*(P’) at the point (F, ¢). We claim that
we may choose o1 = 09 = 0 and v15 = cpps i ¢* =1 d(’/¢’. In fact we have

resp(Tr(oipi; + ajvig)) = cpprivesp(Tr(a; - ¢~ d(’ /("))
= iresp/(Tr(a; - ¢ d(’ /()
= iv(P") Tr(¢" ™ ay),
which proves our assertion. It is now immediate to prove that the functions Tr"(P) are
in involution, in fact we have:

{T'(P), T/ (P")}(E, ¢) = (d T (P)(E, ¢), Bs(d Ty (P')(E, $)))

= <(07 i ¢i_1 dC/C)7 (07 —SCppr ] (r/)j_l dC’/C’»
0.

O

From what we have previously seen, we derive immediately the following

Theorem 4.7.2. The morphism H : M{ — W defines an algebraically completely
integrable hamiltonian system on the Poisson variety M.

Note that, since M, is not a symplectic variety, the hamiltonian system H is com-
pletely integrable only in a generalized sense. More precisely, the Poisson variety My, is
foliated, over the open subset where the Poisson structure has maximal rank, by sym-
plectic varieties of dimension equal to the (maximum) rank of the Poisson structure.
Then the restriction of H to each symplectic leaf gives an algebraically completely inte-
grable system in the classical sense. The hamiltonian system H may thus be considered
as a family of completely integrable systems on the symplectic leaves of M{. In the
sequel we shall make precise this remark.

First let us recall some basic results on Poisson varieties, which may be found for
example in [W]. A function f on a Poisson variety M is called a Casimir function
(or invariant function) if the hamiltonian vector field Hy is identically zero, i.e., if
{f,g} =0, for any function g. If f1,..., f, span the vector space of Casimir functions
in a neighborhood of a point x € M, then the symplectic leaf through z is given locally
by the zero set of the functions fi,..., fn.

Let us come back now to our situation. We prove the following

Lemma 4.7.3. If P € D, then the function Tr'(P) is a Casimir function on M}.

Proof. We have seen in the proof of Proposition 4.7.1 that the differential of the func-
tion Tr'(P) : M) — C at the point (E,¢) may be expressed as d Tr'(P)(E, ¢) =
(0,i¢"1d¢/C) € H([¢,-]). If f is another function on My}, and if we write df (E, ¢) =
({ai}, {ni;}), the Poisson bracket of Tr’(P) and f is given by

{Tx'(P), f} = ((0,i ¢~ " d(/C), Bs({eus}, {mi;}))
=resp(Tr(isa;¢' " d¢/()),
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which is equal to zero, if s(P) =0. O

Let us set W = @;_, H°(C,L") and Wp, = @;_, H*(C,L’, ), and consider the
natural map p: W — Wp_, given by evaluation of sections at the points of the divisor
D,. We have

Lemma 4.7.4. The image of p: W — Wp_ is a hyperplane Wp_ in the vector space
Wp

s

Proof. From the exact sequence

0—-K3LELp —0,

we derive
(4.7.2) 0—-KeoL™' S L5 LL —o,
for © = 1,...,r. Taking the corresponding long exact cohomology sequence gives

g,y & H°(C, LY, ) — HY(C,K @ L'™") — HY(C, L").

Now, by using Serre duality and recalling that deg(L) > deg(K), it follows that
HYC,L") =0 fori = 1,...,7, and dim H*(C, K ® L*"') = 1 if i = 1 and is zero
otherwise. From this we get the following exact sequence

G HaC. L)) S P H(C L)) — C—0,
=1 =1

which proves the lemma. [

Now we can consider the following commutative diagram:

=l 172

Mg
(4.7.3) o\ /o
Whp,

where the map C' associates to a pair (F, ¢) € M, the coefficients of the characteristic
polynomial of ¢p,, for each P; € Dy (we are still assuming that D, = 2211 P;, with

Pi# Py ifi # ). ]
By choosing a base for Wp_, the function C' may be given by its N component

functions C1,...,Cy, and it is easy to see that the vector space generated by these
functions is spanned equivalently by the functions C;; = Tr"(P;), for ¢ = 1,...,r and
7=1,...,m.

Now we are able to prove the following

Theorem 4.7.5. The vector space spanned by the functions Ci; = Tri(Pj), for i =
1,...,rand j =1,...,m (or, equivalently, by the functions Cy,...,Cn) coincides, at
a generic point of M{, with the space of all Casimir functions on the Poisson variety
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M),. Hence, for w generic in Wp_, the fibers C~1(w) of C are the symplectic leaves of
M.

Proof. We have already proved in Lemma 4.7.3 that C;; are Casimir functions. It
remains only to show that these functions span, at a generic point of Mg, the vector
space of all Casimir functions. Since dim M{, = r? deg(L)+1 and dim Wp, = mr—1 =
r(deg(L)—deg(K))—1, it follows that dim C~!(w) > r(r—1) deg(L)+2r(g—1)+2, where
equality holds if and only if the functions C1, ..., Cy are functionally independent, i.e.,
dCy A --- ANdCn # 0. From the exact sequence (4.7.2) we get

0—PH(C.KL™) = PH(C,L) L Wp, —0,

Z:1 7,:1

which shows that
dim p~ ! (w) = =——— deg(L) + (g — 1) + 1.

We know that, for a generic ¢ € W we have dim H *(0) = dimJac(X,) = 3r(r —
1)deg(L) + r(g — 1) + 1. It follows that, for a generic w € Wp_, dimC~1(w) =
r(r—1)deg(L)+2r(g—1)42, which proves that C1, ..., Cy are functionally independent.

Now we recall from Section 4.4 that the generic (and maximum) rank of the Pois-
son structure of My, is equal to r(r — 1) deg(L) 4+ 2r(g — 1) + 2, and this is precisely
the dimension of the symplectic leaves of M, on the open subset where the Poisson
structure has maximum rank. By comparing dimensions it follows immediately that
the fibers of C are precisely the generic symplectic leaves of My, which proves that the
functions C1, ..., Cx span the vector space of all Casimir functions. [

We have thus seen that the algebraically completely integrable hamiltonian system
H : M{; — W can be thought of, at least generically, as a family of algebraically com-
pletely integrable hamiltonian systems on the symplectic leaves of My, parametrized
by the vector space Wp._.

Remark 4.7.6. Now we want to discuss how our construction generalizes previous results
obtained by A. Beauville in [B1] in the case C = P!

It is well known that the moduli space of semistable vector bundles of rank r and
degree d over P! is either empty, if » does not divide d, or is reduced to a single point,
namely the isomorphism class of a vector bundle E. We have Aut(E) = GL(r,C).
Then, if r | d, the variety M(r,d, L) is equal to H*(P!,End(E) @ L)/ Aut(E).

By choosing an affine coordinate z on P! and setting L = Op:1(d - o0), the vector
space HY(P!,End(E) ® L) can be identified with the set of r x 7 polynomial matrices
with entries of degree < d. This is precisely the situation studied in [B1]. It is now easy
to see that our previous results reduce, in this case, to the ones obtained by Beauville.

In the next section we shall see how our results may be restated, with only some
minor changes, for the moduli space of stable pairs with fixed determinant bundle.

4.8 Stable pairs with fixed determinant bundle.
In this section we shall see that the results we have obtained so far for general vector
bundles may be restated, with minor changes, for vector bundles with fixed determinant.
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Let us denote by J((jd) the space of isomorphism classes of line bundles of degree d
on C. For ( € J(Cd), we denote by U,(r, ¢) the moduli space of stable vector bundles of
rank r with determinant isomorphic to ¢. If (r,d) = 1 this is a fine moduli space.

Now let E be a stable vector bundle. We have a direct sum decomposition of the
sheaf of endomorphisms of E:

(4.8.1) End(E) = End®(E) @ O,

where End’(E) denotes the sheaf of trace-free endomorphisms. We point out that the
stability of E implies that H(C,End®(E)) = 0.

From deformation theory it follows that the tangent space Tl (r, () is canonically
isomorphic to the vector space H'(C,End’(E)). By using Riemann-Roch we can com-
pute the dimension of U (7, ¢), which turns out to be (r? —1)(g — 1).

Let L be another fixed line bundle on C, and assume that either L = K or deg(L) >
deg(K). Let us denote by M’(r,(, L) the subset of M'(r,d, L) consisting of (isomor-
phism classes of) pairs (E,¢) with det(E) = ¢ and ¢ € H°(C,End’(E) ® L), by
P(r,(,L) the subset of M’(r,(, L) consisting of pairs (F,¢) with E stable, and by
M (r, ¢, L) the connected component of M’(r,(, L) containing P(r,(, L). It is imme-
diate to prove that P(r,(, L) is a vector bundle over Us(r, (), the fiber over E being
the vector space H°(C,End(E) ® L). Again, by using Riemann-Roch, we find that
dim P(r,¢, L) = (r* — 1) deg(L).

Let (E, ¢) € M{(r,(, L) and consider the following complex:

Lol 0 End®(B) L end®(B) e L — 0.
By adapting the proof of Proposition 3.1.2 to the present situation, we can prove the
following

Proposition 4.8.1. The tangent space T(g 4 M(r, ¢, L) to My(r,¢, L) at the point
(E, ) is canonically isomorphic to the first hypercohomology group H!([-, ¢]°).

Noting that the sheaf End®(E) is autodual under the pairing trace, it is easy to see
that the dual complex to |-, ¢]° is canonically identified to the complex

[4,-]° : 0—&nd’(E)o L' ® K MgndO(E)@@K—m.

By recalling Serre duality for hypercohomology, we get

Proposition 4.8.2. The cotangent space T(*E7¢)M6(r, ¢, L) to My(r,¢, L) at the point
(E, ) is canonically isomorphic to the first hypercohomology group H!([¢,-]°).

Assume now that H°(C, K~ ® L) # 0. Given a non-zero section s of K~! @ L, we
define a morphism of complexes

0 — £nd(E) O e By oL —— 0

0 —— End°(E)®L 'K —— &End°(E)® K —— 0,
[d):]
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which induces a homomorphism of hypercohomology groups:
By : H'([9,]") — H'([, ¢]°).
These maps give a homomorphism By : T* M (r,(, L) — TM{(r,¢, L), which defines

a contravariant 2-tensor 04 (see Section 4.3). All the reasoning we have made to prove
Theorem 4.6.3 can be repeated, with only some minor changes, to prove the following

Theorem 4.8.3. The contravariant 2-tensor 0, defines a Poisson structure on the
variety My(r,¢, L).

Now we turn to the study of the completely integrable system on the Poisson variety
M (r, ¢, L) defined by the Hitchin map.

First we note that if M is a line bundle on C' then a vector bundle F is stable if and
only if £ ® M is, hence the tensorization by M gives an isomorphism of Us(r, ) with
Us(r, ® MT™). Therefore it is not restrictive to assume that ¢ = O¢.

By recalling the definition of M{(r, ¢, L), it is immediate to see that the Hitchin
map defined in Section 2.2 is given, in this case, by

(4.8.2) H: Mg(r,¢,L) - W = H(C,LY).
i=2
If o/ = (02,...,0,) € W, we set 0 = (0,0') = (0,09,...,0,) € @._, H'(C, L") and
denote by X, the spectral curve defined by ¢. We have a morphism « : X, — C
making X, a ramified r-sheeted covering of C.
Let us denote by 0 the line bundle det(m.Ox,)~! on C, and set § = deg(?).
From [BNR, Proposition 3.6] it follows that the intersection of the fiber H~1(¢") with

P(r,(, L), for a generic o’ € W, is isomorphic to the subset of .J )((53 consisting of isomor-
phism classes of line bundles M such that 7, M is stable and has determinant isomorphic
to C.

Let us denote by Nm : Jac(X,) — Jac(C) the norm map. Since deg(L) # 0 it follows
from [BNR, Remark 3.10] that the morphism 7* : Jac(C) — Jac(X,) is injective. As
a consequence of this we derive that the norm map has a connected kernel, which is
called the Prym variety of the covering 7 : X, — C and will be denoted Prym(X, /C).
Under the isomorphisms Jac(C') = Jéa) and Jac(X,) = Jggj, the variety Prym(X,/C)
corresponds to the inverse image of 0 by the norm map Nm : J )(?2 — Jgs) . It is now
immediate to see that the intersection of the fiber H~!(¢") with P(r,(, L) is isomorphic
to the open subset of Prym(X, /C') consisting of isomorphism classes of line bundles M
such that 7. M is a stable vector bundle.

It is known ([BNR, Proposition 5.7]) that the complement of this open set is of
codimension at least 2 in Prym(X, /C), hence we are in a situation analogue to the one
already studied for the map H : M{(r,d, L) — @,_, H*(C, L").

By repeating the considerations made in Section 4.7, we can prove the following

Theorem 4.8.4. The morphism H : M{(r,(,L) — W defines an algebraically com-
pletely integrable hamiltonian system on the Poisson variety M{(r,(, L). This system
linearizes on the Prym varieties of coverings w : X, — C, where X, is the spectral
curve defined by an element o € W.

Considerations on invariant (Casimir) functions analogous to those following Theo-
rem 4.7.2 also hold in this situation.
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5. PARABOLIC VECTOR BUNDLES

5.1 The moduli space of parabolic vector bundles.

Let € N with r > 2 and d € R, and let S = {Py,...,P,,} be a finite set of
points of C, called ‘parabolic points’. Let a = (ap;)pes, 1<i<np be a sequence of
real numbers such that, for each P € S one has 0 < ap; < - < app, < 1, and
k = (kpi)pes, 1<i<np an increasing sequence of strictly positive integers such that, for
every P € S one has Y_*, kp; = r. We denote by Us(k, o, d) the moduli space of stable
parabolic vector bundles of rank r, degree d, weights o and sequence of multiplicities .
Let us denote by ParHom(E, F') the sheaf of homomorphisms of parabolic vector bun-
dles of the parabolic vector bundles F and F, and set Par&nd(E) = ParHom(E, E).

We want to study the tangent and cotangent spaces to the moduli variety Us(k, «, d).
The basic technique is the use of linear infinitesimal deformations of a stable parabolic
bundle, and the results are similar to those given in Section 3 for stable vector bundles.

Let E be a parabolic vector bundle on C with parabolic structure at the points
Py,..., Py, and let us denote by D = > | P, the effective divisor defined by the
points P;. We have the following exact sequence of sheaves

(5.1.1) 0 — Parénd(E) — End(E) — Fp — 0,

where Fp = @, Fp, is a skyscraper sheaf supported at the points P; € S.

Now we consider infinitesimal deformations of the parabolic bundle E fixing the
parabolic structure. By slightly modifying the proof of Proposition 3.1.2 to keep track
of the fact that the infinitesimal deformation of E must preserve the parabolic structure,
it is not difficult to prove the following

Proposition 5.1.1. The isomorphism classes of linear infinitesimal deformations of
the parabolic bundle E are canonically parametrized by the first cohomology group
HY(C,Parénd(E)).

It follows immediately that

Corollary 5.1.2. We have a canonical identification of the tangent space TpUs(k, o, d)
to Us(k,a, d) at the point E with the vector space H(C,Par&End(E)).

Remark 5.1.3. From the exact sequence (5.1.1) we get a surjective morphism
HY(C,Parénd(E)) — H(C,End(E)) — 0.

It is evident from the preceding considerations that this is precisely the forgetful mor-
phism sending an infinitesimal deformation of the parabolic bundle E to the corre-
sponding infinitesimal deformation of the underlying vector bundle.

Now we turn to the study of the cotangent bundle to the moduli variety U (k, «, d).

By Corollary 5.1.2 and Serre duality it follows that the cotangent space Thlds(k, a, d)
is canonically identified with H°(C,Par&nd(E)* ® K). Let O(D) be the invertible
sheaf defined by the divisor D and s a global section of O(D) defining D, i.e., such that
D = (s). By Serre duality, and by using Lemma 5.1.5, it is not difficult to prove the
following
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Proposition 5.1.4. There is a canonical isomorphism
Tilly(k,a,d) = H(C,&End,(F) ® K @ O(D)),

where End,, (E) is the subsheaf of End(E) consisting of sections 1 which are nilpotent
with respect to the parabolic structure of E, i.e., such that Yp(F;(E)p) C Fit1(E)p,
for1 <i<np and for all P € D.

The following is a simple lemma of linear algebra, whose proof is left to the reader:

Lemma 5.1.5. Let V be an r-dimensional vector space and
V=FD>FD> --DF DF,41=0

a filtration of V' by vector subspaces. Let ¢ : V' — V be an endomorphism of V. Then
the following conditions are equivalent

(1) ¢(F;) C Fiqq, fori=1,...,n;

(2) Tr(¢yp) =0 for every ¢ € End(V) such that ¢(F;) C F; fori=1,...,n.

5.2 The canonical symplectic structure of T*Us(k, o, d).

In the preceding section we have seen that the cotangent bundle M = T*U,(k, «v, d)
may be described as the set of isomorphism classes of pairs (E, ¢), where E is a stable
parabolic bundle and ¢ € H°(C,&nd,(F) ® K ® O(D)). This situation is similar to
the one we have studied in Section 3, for the variety P(r,d, L). By applying the same
kind of reasoning, we get the following

Proposition 5.2.1. Let (E,¢) € M and denote by [-, d| s the complex

Ldluw: 0 — ParEnd(E) L end, (B) @ K © O(D) — 0.
Then the set of isomorphism classes of infinitesimal deformations of the pair (E, ¢) in
M is canonically identified with the first hypercohomology group H([-, ¢]a).

Proof. We can repeat almost unchanged the proof of Proposition 3.1.2. Note that, if
(Ee, ¢c) is an infinitesimal deformation of (£, ¢) corresponding to ({a;}, {n:;}), then
the hypothesis that the parabolic structure of E is fixed implies that the 1-cocycle {n;;}
defines an element of H*(C, Par&nd(E)) and «; is a section of End,,(E) ® K ® O(D),
for each 7. [

Corollary 5.2.2. The tangent space T g 4 M to M at the point (E, ) is canonically
isomorphic to the vector space H([-, | ).

Now we come to the study of the cotangent bundle to M. We have already seen
that there is a canonical isomorphism of Parénd(E)* ® K with End,,(E) ® K ® O(D).
From this it follows easily that the complex

0 — Endy(BE)* © O(—D) 225 Pargnd(E)* @ K — 0,

dual to [-, #| s, is canonically identified with the complex

6, I 0 — Par&nd(E) 2L end, (B) @ K © O(D) — 0.

By using Serre duality for hypercohomology, we derive the following
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Proposition 5.2.3. The cotangent space T(*E ¢)M to M at the point (E, $) is canon-
ically isomorphic to the first hypercohomology group H*([¢, |am).

Let us consider now the following isomorphism of complexes:

0 —— Parénd(E) 2% end,(B)o K © O(D) —— 0

521 T I

0 —— Parénd(E) —— End,(E) @ K @ O(D) —— 0.
[¢»}

It induces an isomorphism on hypercohomology,

(5.2.2) By - H'Y([¢, Jm) = H'([ ¢lwm),

which, in terms of Cech cocycles, may be described as the map sending an element
({ai}, {ni;}) € HY([¢,]m) to ({as},{-mni;}). By recalling the natural identifications
Tig.syM = H'([-,¢]m) and Tip oM = H([¢,-]a1), we can define a contravariant
2-tensor 0, € HO(M, Q> T M) by setting, for each point (E, ¢) € M, (61(E, ¢), a®) =
(o, B1(B)), for all o, 5 € T(* M, where (-, -) denotes the duality between T( g )M and

E,$)
T(*E ¢)M. It is now immediate to see that 6, is actually an antisymmetric contravariant

2-tensor, i.e., 6 € HO(M, A2T'M). The fundamental result is the following

Theorem 5.2.4. The antisymmetric contravariant 2-tensor 61 defines a symplectic
structure on the variety M, which is precisely the canonical symplectic structure of M,
considered as the cotangent bundle to Us(k, o, d).

Proof. The proof is the same of Theorem 4.5.1, with the obvious modifications. [l.
Remark 5.2.5. The same result is proved, by a different method, in [BR].

Remark 5.2.6. In the sequel we shall be interested in the following situation: s is a
global section of the line bundle K~' ® L and D is the effective divisor defined by s,
so that we have an isomorphism s : O(D) — K~ ® L from the sheaf of meromorphic
functions on C' with poles at D to K1 ® L, given by multiplication by s. Under these
hypotheses we have canonical isomorphisms

TigoM =H ([, ¢]n),

(5.2.3) ) ,
TippyM=H ([¢,]n),

where [, ¢|,, and [¢, ], denote respectively the complexes

L fln: 0 — Parénd(E) 12 gnd,(B)® L — 0

6, ]n: 0 — Parénd(E)® L' @ K @ O(D) 2L nd,(E) © K ® O(D) — 0.
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The isomorphism of complexes (5.2.1) may be rewritten as

0 —— Parénd(E) el End,(F)® L — 0

0 —— Parénd(E)® L' @ K @ O(D) 7 End,(E)® K® O(D) —— 0,
¢’.

hence the isomorphism (5.2.2) is given, in terms of the identifications (5.2.3), by
(5:2.4) By : H ([, ]n) = H ([ 6ln),

sending an element ({ou}, {ni;}) to ({sau}, {—smi;}).

Note the similarity with the expression of the Poisson structure of the variety P. The
relationships between these two structures will be made more precise in the following
section.

5.3 The structure of the fiber C~1(0).

Let us assume that Dy = Y 1" | P;, with P; # P; if ¢ # j, where m = deg(L) —
deg(K) > 0. Let C : P — Wp, be the restriction to P of the map defined in (4.7.3),
and let us denote by X the fiber C~1(0). We have

(5.3.1) X={(E,¢) eP | Tr(¢p) =0, 1<i<r, 1<j<m}.

This shows that if (F, ¢) € X' then ¢p, is nilpotent of order np, (E) < r, for every point
P; in the divisor D,. Given such a pair (E, ¢) we can associate to the vector bundle E
a quasi-parabolic structure defined as follows: for each P € D, consider the filtration
of the fiber Ep given by

(5.32) Ep=Fi(E)p =Ker(¢}"")) 5 Fa(E)p = Ker(¢p" 71 5
D Foom)(E)p = Ker(¢p) D Fyomy+1(E)p =0,

i.e., we set F;(F)p = Ker(qS?;P(E)_Hl), fori =1,...,np(E). It is easy to show that
F;(E)p # Fi11(E)p for 1 <i < np, hence this is a good definition.

Let a = (ap,;) be an arbitrarily fixed system of weights, so that E becomes a
parabolic vector bundle. It is easy to see that, for any choice of the weight system «,
the parabolic vector bundle F is parabolic stable.

Let us consider now the moduli space Us(k, v, d) of stable parabolic bundles with
parabolic structure at the divisor Dy, and let X (k,a,d) denote the subset of X con-
sisting of all pairs (E, ¢) such that the vector bundle E, with the parabolic structure
defined in (5.3.2), belongs to Us(k, a,d). We have a natural map

(5.3.3) 7w X (R, o, d) — Us(k, a, d),

whose fiber over a point E € U,(k, «, d), consisting of a vector bundle E with parabolic
structure F;(E)p;, is

7 U(E) = {(B,¢) € X | Kex(pp? " ™) = F(E)s,.

J

i=1,...,np(E), j=1,...,m}.

Now we need a result from linear algebra, whose proof is left to the reader.
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Lemma 5.3.1. Let V be an r dimensional vector space and ¢ : V — V an endomor-
phism of V. The following conditions are equivalent:

(1) Tr(¢*) =0, fori=1,...,7;
(2) Tr(¢yp)) = 0, for every v» € End(V) such that (Ker¢') C Ker¢®, for i =

1,...,7.

By recalling the description of T, (*E ¢)L{s (k,ar,d) given by Proposition 5.1.4, the def-

inition of the quasi-parabolic structure of E given in (5.3.2), by using Lemma 5.3.1
and Lemma 5.1.5, it follows easily that there is a natural inclusion of X' (k, a, d) in the
cotangent bundle T*Us(k, o, d).

From what we have seen, we derive the following

Theorem 5.3.2. The variety X = C~1(0) is a Poisson variety foliated by the symplec-
tic varieties X (k,a,d). Each symplectic leaf X (k,a,d) is canonically isomorphic to a
subvariety of the cotangent bundle to Us(k, o, d) with the induced canonical symplectic
structure.

As a special case let us consider the subvariety X C X consisting of pairs (E, ¢) such
that ¢p, =0, for j =1,...,m. For each pair (E, ¢) € X, the quasi-parabolic structure
of the vector bundle E defined in (5.3.2) is trivial, i.e., for each P; € D, we have the
trivial filtration of Ep, given by Ep, D 0. In this situation the moduli space of stable
parabolic bundles (with this trivial parabolic structure) coincides with the ordinary
moduli space of stable vector bundles Us(r, d), and, from (5.3.3), we derive a map

X — Us(r,d).

Note that the hypothesis ¢p, = 0, for each P; € Dy, is equivalent to assuming that ¢ is
in the image of the map s : H(C,End(E)® K) — H°(C,&End(E)® L). This shows that
X coincides with the image of the map P(r,d, K) — P(r,d, L), sending a pair (E, ¢) to

(E, s$). With this identification we see that m : X — U(r, d) is precisely the cotangent
bundle to the moduli space Us(r, d), and the Poisson structure of X’ coincides with the
canonical symplectic structure of T*U(r, d).
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