CLOSED DIFFERENTIAL FORMS
ON MODULI SPACES OF SHEAVES

FRANCESCO BOTTACIN

ABSTRACT. Let X be a smooth projective variety, and let M be a moduli space of
stable sheaves on X. For any flat family E of coherent sheaves on X parametrized
by a smooth scheme Y, and for any integer m, with 1 < m < dim X, we construct
a closed differential form Q = Qg on Y with values in H™(X, Ox). By using the
vector-valued differential form 2 we then prove that the choice of a (non-zero)
differential m-form o on X, 0 € HY(X,Q%), determines, in a natural way, a
closed differential m-form €2, on M.

INTRODUCTION

Let X be a smooth projective variety, defined over an algebraically closed field k
of characteristic 0, and let M be a moduli space of stable sheaves on X. It is by now
well known that many geometric properties of the moduli space M are determined
by similar geometric properties of the base variety X.

A beautiful example of this general fact was discovered by S. Mukai in [Mul],
where he shows that if X is an abelian or K3 surface (hence it is a symplectic
algebraic surface), then the choice of a symplectic structure (i.e., a non-degenerate
2-form) on X determines a symplectic structure on the moduli space M. This
result was later generalized by S. Kobayashi [K] to the case of a compact Kéhler
manifold X with a holomorphic symplectic structure: in this case too, the choice of
a symplectic structure on X determines a symplectic structure on the nonsingular
part of the moduli space of stable vector bundles on X.

In [B1] we generalized Mukai’s result to the case of Poisson surfaces, by proving
that, if the algebraic surface X admits a Poisson structure, then the choice of such
a structure on X determines, in a natural way, a Poisson structure on the moduli
space M. Similar results also hold for other types of moduli spaces, such as moduli
spaces of framed vector bundles [B3], moduli spaces of parabolic bundles [B4] and
Hilbert schemes of points of a surface [B2].

In this paper we provide another example showing how geometric structures on
X often determine similar geometric structures on moduli spaces of sheaves on X.
We prove that, if X admits non-zero differential forms of degree m, then the choice
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of any such m-form o determines a differential m-form €2, on the smooth locus of
the moduli space M of stable sheaves on X. Moreover, the restriction of {2, to the
smooth locus of the open subscheme of M parametrizing stable locally free sheaves
is closed (we actually conjecture that df), = 0 holds in general).

A particularly interesting special case of this result is obtained by taking X to be
a Calabi-Yau n-fold. In this case there is a canonical choice (up to scalar multiples)
of a n-form ¢ on X. This implies that there is also a canonical closed n-form €2,
on the (smooth locus of the) moduli space M. This result may be considered as a
higher dimensional generalization of Mukai’s result in [Mul].

This paper is organized as follows: in Section 1 we recall some useful results about
cup-products and trace maps. Then we introduce the symmetrized trace map and
study its graded commutativity properties. This is the main technical tool needed
to construct closed differential forms on moduli spaces of stable sheaves on X.

In Section 2 we construct, for any flat family E of coherent sheaves on X para-
metrized by a smooth scheme Y, and for any integer m, with 1 < m < dim X, a
differential form Q = Qg on Y with values in H™(X,Ox). The main part of this
section is then devoted to prove that d2 = 0 (in order to symplify the exposition
this is proven under the additional assumptions that the base field k is the complex
field and that F is a family of locally free sheaves).

Finally, in Section 3, we use the vector-valued differential form {2 to construct
ordinary (i.e., scalar-valued) differential forms on the moduli space M of stable
sheaves on X. More precisely, we prove that the choice of a (non-zero) differential
m-form o on X, 0 € HY(X,Q%), determines, in a natural way, a differential m-form
Q, on M, defined by using the vector-valued m-form 2. Then the closure of €,
proved in Section 2, immediately implies the closure of the m-form €2,.

The case of a smooth Calabi-Yau n-fold X is especially interesting. In fact, in
this case there is a canonical choice (up to scalar multiples) of the n-form o on X,
hence there is also a canonical (closed) differential n-form €, on the moduli space
of stable sheaves on X. The natural question of the non-degeneracy of €, is then
discussed.

In the last part of this section we provide two examples in order to explain how
the construction of the differential forms €2, can be generalized to other types of
moduli spaces. We analyze in detail the cases of moduli spaces of stable sheaves
with fixed determinant and moduli spaces of stable framed vector bundles.

1. PRELIMINARIES

1.1. Cup-product and trace maps. In this section we shall recall, without
proofs, some standard facts about trace maps and cup-products. For more details
(and proofs) we refer the reader to [A] or [HL2, p. 217].
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Let X be a smooth n-dimensional projective variety over an algebraically closed
field k of characteristic 0. In the sequel, whenever we speak of a sheaf on a scheme
S we shall always mean a sheaf of Og-modules.

For any coherent sheaf F on X, the usual trace map

tr: End(E) — Ox
induces natural maps (also called trace maps and denoted by the same symbol)
tr: Ext'(E, F) — H(X,Ox).

These maps can be defined by using a finite locally free resolution E° of FE and
identifying Ext*(E, F) with the hypercohomology of Hom (E", E").
For any i and j there is a natural cup-product (or Yoneda composition) map

Ext'(E,F) x Ext/(E, E) = Ext"(E, E)

(which can be easily defined in terms of Cech cocycles by replacing E with a finite
locally free resolution E'), and the composition of cup-product and trace is graded
commutative in the following sense: if a € Ext'(E, F) and § € Ext’(E, F), then

(1.1) tr(ao B) = (—1)7 tr(B o a)

as an element of H'" (X, Ox) (cf. [HL2, pp. 216-217]).

Analogous maps can also be defined in a relative situation. To do this, let us
consider a scheme Y of finite type over k£ and denote by p : X xY — X and
q: X xY — Y the canonical projections.

Definition 1.1. A Y-flat family of coherent sheaves on X is a coherent sheaf on
X x Y, flat over Y. If F is a Y-flat family of coherent sheaves on X and y is a
closed point of Y, we shall denote by £, the sheaf on X given by E, = E|xx(y; =
E ®(’)Y k (y)

Now, if £ is a Y-flat family of coherent sheaves on X, we shall denote by
Exty(E, E) the i-th relative Ext-sheaf, i.e., the sheaf on Y associated to the presheaf

U — Bxt'(E|xxv, E|xxv),

for any open subset U C Y.

Since any such F admits a finite locally free resolution, the preceding construc-
tions of the cup-product and the trace maps carry over to this relative situation.
More precisely, for any ¢ and j we have a cup-product map

Extl(E, E) x Ext) (B, E) — Eat,7(E, E)
and a trace map
tr: Extl(E, E) — R'q.Oxxy = H'(X,Ox) ®; Oy
satisfying (1.1) for any sections a and /3 of &ctz(E, E) and 89;152(E, E), respectively.
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1.2. The symmetrized trace map. Let E be a coherent sheaf on X. For any
integer m > 1 let us consider the “symmetrized composition map”

(1.2) End(E) x -+ x End(E) - End(E)

J/

defined by setting
1
S(o1,02,...,0m) = - Z Do(1) © DPo(2) © *** © Po(m)s

C0EG,

where the sum runs over the group &,, of permutations of m elements (for m = 1
we simply get the identity S =id : End(E) — End(E)).

We define the “symmetrized trace”, denoted by Str, to be the composition of S
with the usual trace map:

1
(13) Stl"(gbl, QZ)Q, e 7¢m) = % Z tr(qbo(l) e} gba(2) 0-+++0 Qba(m))'

T 0EG,

The map
(1.4) Str: End(E) x -+ x End(E) — Ox

is totally symmetric and multilinear.

For m = 1, we obviously find the usual trace map tr : End(F) — Ox. For m = 2,
we also have Str(¢q, ¢2) = tr(p; 0 ¢2), because the usual trace satisfies the following
symmetry property:

tr(¢1 0 ¢2) = tr(¢2 0 ¢1).
Again, by using this symmetry property of the trace, we see that, for m = 3,

Str(¢r, @2, ¢3) = %(tr(% 0 ¢hg 0 ¢p3) +tr(¢y © 3 0 ¢2)>-

In a similar way, it is easy to prove that, for a general m > 2,
1
(1.5) Str(or, d2, ..., Om) = = 1) Ztr(¢1 0 Po(2) 0+ O Po(m)),

where the sum runs over all permutations o of the set {2,3,...,m}.

Remark 1.2. The simplified expression (1.5) for Str(¢q, ¢, ..., ¢,) may be useful
to do some explicit computations for small values of m but, in general, it breaks
the symmetry and does not lead to any real simplification in our subsequent com-
putations. For this reason we shall not use it in the sequel, with the exception of
the proof of Lemma 3.11.

The symmetrized trace map (1.4) induces a map, also denoted by Str,

(1.6) Str : Ext"(E,E) x --- x Ext"™(E, E) — H""" (X Ox).
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This map satisfies a kind of graded commutativity property similar to the one stated
in (1.1). Before proving this, we recall a standard result of homological algebra:

Lemma 1.3. If A" and B’ are two complezes (of sheaves in our situation, but the
result holds in general) there is a canonical isomorphism, given by the twist operator,
T ARB - B ®A

defined by setting
for any homogeneous elements o and 3.

The proof of this result follows immediately from the definition of the cobound-
ary operator of the tensor product of two complexes (we refer the reader to any
standard text of homological algebra, for instance [M, Chapters V, VI]). We just
remark that the presence of the factor (—1)(d°®)(degf) aorees with a general “graded
commutativity” sign rule. Using the words of Mac Lane: “whenever two symbols «
and 3 with degrees are interchanged, affix the sign (—1)(des®)(degf)” (M, p. 164]).

Now let us come to the graded commutativity of the symmetrized trace:

Proposition 1.4. Let ¢, € Ext™(E, E), for h=1,...,m. For any integer p, with
1 <p<m-—1, we have:

Str(¢1a cee 7¢p7 ¢p+17 CII) ¢m) = (_1)ipip+l Str(¢17 cee 7¢p+17 qbpv s 7¢m)7
i.e., whenever we mutually exchange two adjacent elements ¢, and ¢p41, the value
of Str acquires the factor (—1)des(@r)dea(ép+1) = (1 )iwip+1,

Proof. Let E" be a finite locally free resolution of E'and set A" = Hom'(E", £’). Then
we have Ext'(E, E) = H'(A"), the i-th hypercohomology group of the complex A'.
The symmetrized trace map

Str: HI(A)® -+ @ Hm(A') — H1++m(X, Oy)

is the composition of the following three maps: first, the multiplication

(1.7) p:HY (AY® - @ H™(A) - H' W Hm(A @ @A),
then the symmetrized composition map

(1.8) S H T Hm(A Q. @A) — Hit Tim(A)

and finally the usual trace map

(1.9) tr: HOtPtim(AY) — gt tim(X Ox).

Let us denote by m = m, 41 the twist operator that exchanges the factors at places
pand p + 1:

T HY A)® @ H?(A)@ Hr ' (A)® - @ H™(A)
_ H“(A) Q- ®H7’P+1(A) ®H7’P(A) Q- ®HZW(A)
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By an obvious generalization of Lemma 1.3, we have
T @ ®ap@ap ® - Q) = (-1 ® - @ap ® Q-+ ® ay,

where i, = deg(a,) and i,11 = deg(ay,41). Then the following diagram is commu-
tative:

HY (A)® - @ Hm(A) = Hit+in(4 @ ... @ A)

\Lﬂ’pm-ﬁ-l lH(ﬂ’p,erl)

H' (A)® - Hm(A) o Hot+im(A @ @A)

By composing with the maps S and tr of (1.8) and (1.9), it follows that Str =

Strom, 41, which is precisely what we had to prove. 0

Remark 1.5. When £k is the complex field C and F is a locally free sheaf on the
complex manifold X, we can give a very simple alternative proof of Proposition 1.4
by using Dolbeault cohomology.

We recall that, under these hypotheses, there are canonical isomorphisms

Ext’(E, E) & H'(X,End(E)) = Hy' (X, End(E)),

where H3"(X, End(FE)) are the Dolbeault cohomology groups with coefficients in the
sheaf End(FE). Under these identifications, the cup-product (or Yoneda composition
map)

Ext!(E, E) x Ext/(E, F) — Ext™(E, E)
corresponds to the map

HY (X, End(E)) x HYY (X, End(B)) — Hy™ (X, End(E))

given by composition of homomorphisms and exterior product of differential forms.
We can now give an explicit description of the symmetrized trace map (1.6) in
terms of Dolbeault cohomology. Let ¢, € Ext"(F, F) = Hg’”‘ (X,End(E)), for

h=1,...,m, be written as
h i h
¢h - Zashl/}sh7
Sh

where o are sections of End(E) and ¢! are d-closed (0, i,)-forms on X.

Then we have:

Str(dr, d, ., 0m) = Y Str(ay,,ad,, ..l ), AU, A AU

Now, for any integer p € [1,m — 1],

1 p Pt my _ 1 p+l  p m
Str(ag,,...,ab ,abr’ .. af ) = Str(ag,,...,al " ol L. a))

because, at the level of endomorphisms, the map Str is totally symmetric, while

;1/\"‘/\1/1§p/\wp+1 /\.../\q/;smm:(_1)ipip+1¢;1/\.../\wp+1 /\wgp/\"‘/\w::n

Sp+1 Sp+1
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because ¢ and @/Jﬁ’zﬁl are differential forms of degree ¢, and i, respectively. This

proves the stated graded commutativity of the symmetrized trace map (1.6).

In the sequel we shall be interested in a special case of (1.6). By taking all i,
equal to 1, we get the map

Str: Ext'(E, E) x --- x Ext'(E, F) — H™(X, Ox),

-~
m

satisfying

Str(¢17 ceey ¢p7 ¢p+1a s 7¢m) = - Str(le, LI ¢p+17 ¢p7 s 7¢m)7
for every p € [1,m — 1].
Since every permutation o of {1,2,...,m} may be expressed as the product of
a certain number s of transpositions of adjacent elements 7, .1, and since the sign
of o is given by sgn(o) = (—1)°, we deduce the following result:

Corollary 1.6. For any m > 1, the map
Str: Ext'(E,E) x --- x Ext'(E, E) — H™(X, Ox)

is alternating, i.e., for any permutation o of {1,2,...,m}, we have:
Str(ao(1), Qo(2)s - - - Qo(m)) = sgn(o) Str(an, ag, . .., ).

Let now Y be a scheme of finite type over k and let E be a Y-flat family of
coherent sheaves on X. Since any such FE admits a finite resolution by locally free
sheaves, the preceding constructions can be generalized to this relative situation
(exactly as in the case of the usual trace map, described in Section 1.1). We leave
the details to the reader and just state the relative version of Corollary 1.6:

Corollary 1.7. Let E be a Y -flat family of coherent sheaves on X. For any m > 1,
the map

(1.10) Str: f:xt;(E, E)x - x Ext)(E, E)l — R™q,(Oxxy) = H™(X, Ox) @ Oy

is alternating, i.e., for any permutation o of {1,2,...,m}, we have:
Str(ae(1), Mo2)s - - - s Ao(m)) = sgn(0) Str(oy, ag, . .., o).

2. VECTOR-VALUED DIFFERENTIAL FORMS

Let Y be a smooth scheme of finite type over k and F a Y-flat family of coherent
sheaves on X. In this section we shall define, for any such E and any integer m, with
1 <m <n=dimX, a vector-valued m-form on Y (more precisely, a differential
form of degree m on Y with values in H™(X, Ox)). Then we shall prove that these
differential forms are closed.
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Let us begin by recalling that, for any sheaf F' on X, the set of isomorphism
classes of infinitesimal deformations of F' is canonically identified with Ext'(F, F).
It follows that, for any family E of coherent sheaves on X parametrized by Y, there
is a map, known as the Kodaira-Spencer map,

(2.1) p:TY — Ext ) (B, E),

that sends a tangent vector v € T,,Y to the class p(v) € Ext'(E,, E,) corresponding
to the infinitesimal deformation of the sheaf F, along the direction of v.
Now, for any m as above, we define an H™(X, Ox)-valued differential m-form
Q) =Qg on Y by setting
Q:TY x - xTY — Exty(E,E) x - x Exty(E, E) — H™(X, Ox) @y, Oy,

-~
m

where the first map is induced by the Kodaira-Spencer map (2.1), and the second
one is the symmetrized trace map (1.10). In other words, we set

(2.2) Qvy, ..., vm) = Str(p(vy), ..., p(vm)),

for any sections vy, ..., v, of the tangent bundle TY. It follows from Corollary 1.7
that €2 is a vector-valued differential form of degree m.

Remark 2.1. Let E be a Y-flat family of sheaves on X and L be a line bundle on Y.
We can define another Y-flat family of sheaves £ on X by setting £/ = E® ¢*(L).
These two families of sheaves may be considered as equivalent because, for every
closed point y € Y, the sheaves E, and Ez// on X are isomorphic. Under these
hypotheses, the differential m-forms (g and g are equal.

Remark 2.2. Let us observe that in the definition of 2r we do not use directly
the sheaf E, but rather the sheaf Ext;(E, E). This is very important because in
most interesting applications, when we take as Y a suitable moduli space of stable
sheaves on X, a global universal family F does not exist (at least as an ordinary
sheaf), but the sheaf Ext,(E, E) on Y is, nevertheless, well defined (cf. Remark 3.4).
It follows that our definition of the differential form 25 remains valid also in these
more general situations.

The rest of this section will be devoted to the proof that, for any E and any
integer m, dQ2g = 0.

In order to try to simplify the exposition as far as possible, we shall assume, from
now on, that k is the complex field C, even if our proof works, with only minor
modifications, for any algebraically closed field k of characteristic 0.

So let X be a smooth n-dimensional complex projective variety and let Y be
a smooth complex variety of dimension N. We shall use the complex analytic
topology on the complex manifolds associated to the algebraic varieties X and Y.

Let E be a Y-flat family of sheaves on X. We shall assume that E is locally free
of rank r. Let Q2 = Qg be the m-form on Y defined above.
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First of all, we remark that, since the closure of € is a local property on Y, we
may freely replace Y be an open neighborhood of any one of its points, hence we
may assume that a local system of holomorphic coordinates y = (y;)i=1,..n is given
on Y.

Now, by eventually replacing Y with a smaller open subset, if necessary, we may
find an open covering (U;);e;r of X such that the restriction of the vector bundle £
to U; X Y is trivial. Let us denote by

fi : ElUiXY L> (Uz X Y) X (CT

the trivialization isomorphisms. On the intersection U;; = U; N U; of two open
subsets, we have the isomorphism

Ggij - (UZ] XY) x C" SN (U” XY) x C"

defined by setting g;; = f;
v € C", we have

v, xy © fi v,y For any point (z,y) € U;; X Y and any
g9ij: ((z,y),v) = ((z,), gi(z, y) v),
where
gij : Uij XY — GL(T, C)
is a holomorphic function. In the sequel, by abuse of notation, we shall identify g;;
with g;;. The functions g;; are called the transition functions of the vector bundle
E (with respect to the given open covering).
The transition functions (g;;); jer satisfy the usual cocycle identities

(2.3) ga=1, gi=0;" 9;j°Yik= Yir
on the intersection of three open subsets U;j, = U; N U; N Uy
Now we can give an explicit description of the Kodaira-Spencer map

p:TY — Eaty(E, E) = R'q. End(E).

At any point y € Y the derivations 0, = %, fora =1,..., N, form a basis of the

tangent space T,Y. If we consider the vector bundle £ on X x Y as a family of
vector bundles {E} },cy on X varying holomorphically with y € Y, the infinitesimal
deformation of the vector bundle E), corresponding to the tangent vector 0, is given
by %. To give a meaning to this symbol, let us consider the transition functions
{9i;(-,y) }ijer of the vector bundle £, on X. Then the infinitesimal deformation
g% is given (by definition) by the collection of functions {0,gi;(, y)}ijer-

By deriving the (multiplicative) cocycle identities (2.3), we obtain the following
(additive) cocycle identities for the functions 0ng;;(-, y):

(2.4) Oabji = —9131 0 (0agij) © gz?, (0agij) © gjk + Gij © (Oagjr) = OuYik-

By recalling that g;; = fio f;'

F7 Oagii) fi = =17 (Oagii) fis Fi (0agig) fi + [ (Oagin) fr = fi (Oagin) fr-

, these identities can be rewritten as
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Finally, if we set
15 = fi (Oagis) fis

we obtain a collection of sections nfi(-,y) € I'(Uy,End(E,)) satisfying the usual
(additive) cocycle relations
(2.5) W = =N iy + 05k = ik
The cohomology class 7* € H'(X,End(E,)) represented by the Cech 1-cocycle
{n5 }ijer is the image of the tangent vector d, € T,Y" by the Kodaira-Spencer map

p:T,Y — (R'q.End(E)), = H'(X,End(E,)).

Remark 2.3. Other equivalent representations of the infinitesimal deformation g%

are possible. For instance, in [Mu2], Mukai represents the cohomology class p(9,) €
HY(X,&nd(E,)) by using the 1-cocycle {a;;}; je; defined by setting
Aij = gi;laagij~
This is equivalent to our representation, except for the fact that the a;;’s satisfy a
kind of twisted cocycle identities, given by
aj; = _gijaz‘jgigla gj_klaijgjk + @ = Q.
(See [Mu2, Section 3, p. 151]).

We are now able to give an explicit description of the m-form 2 = Qg on Y in
terms of Cech cocycles.

For any closed point y € Y and any 0, € T,Y we have set nj; = [ 0ugii £,
and we have seen that the 1-cocycle {U%}i,je ; represents the cohomology class n* =
p(0,) € HY(X,End(E,)). Tt follows from the definition (2.2) of Q that, for any
ay, ..., € [1, N], we have:

QDayy- -+ 0a,,) = Str(g™, ... q7%").

We shall now recall the standard expression of the cup-product in terms of Cech
cocycles:

Lemma 2.4. Let {¢%}i7j617 for h =1,...,m, be Cech 1-cocycles representing the
cohomology classes " € H'(X,End(F)), for some locally free sheaf F on X. Then
the cup-product (or Yoneda composition)

Ploy?o--oy™e H™(X,End(F))
is the cohomology class represented by the Cech m-cocycle

1 2
{wil’iQ © i2i3 ©---0 lenim+1}ila~~wim+1€I'
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From this result, and the definition (1.3) of the map Str, we obtain the following
explicit expression of €2:

QOays - -3 0a,,) = Str(q™, ..., q%)

1
_ E : Y1) o Co@) o (m)
o m)! {tr Miviz ~ © Migig nl7n2m+1)}i1 in ’L'm+1.
O'GGm 90625000y
To simplify the notation, we introduce a multiindex a = (a1, ag, ..., @y,). Then,

for every permutation o € G,,,, we set

o(a) = (Oéa(l), Qg(2)y - - - ,Oéa(m))
and
(o) Qo (1) 0(2) Qo (m)
ni17i27-~-7im+1 Mivig = © Migig nlm“n-&-l

We shall also write Oq = (Oay; Oags - - - s Ony,) a0 dY o, = dYay N dYay A -+ A dYa,, -
With these notations we may write

_ o(cv)
Q<8o¢17 Ce ,8o¢m) = oc m' Z {tI’ ,’711,12, ,1m+1)}i1 i +1.
0€Gm, s
Since the derivations d,, for « =1,..., N, are a basis of the tangent space 7)Y, we
have:
Q=Y U0ars- -+ 00,) Yoy A+ Ay,
(X1< <Qm
:m‘ Z QOays- -+ 0am) AYay N -+ N dya,,
(2.6)

- ml ZQ dya
= mu s > {um D) dya

91,82, eeyimd-1
a oe6,, 30250 ytm+

An equivalent expression of {2 in terms of the transition functions g;; can be given
(cf. [Mu2, p. 154]). This will be useful in order to simplify the computation of df2.
In fact, by recalling that nf; = f7100gi;f;, we have:

(55 ) = R om0 o )
— tr < -1 agiliz a91213 . aglmlm,+l f >
. 8yao_(1) ayag(g) ayag(m) i
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and, since tr(¢) = tr(¢¢y 1), we also have:
tr ( -1 Oiia agim"mﬂf. +1> = tr ( Onia_ . agim"mﬂf. +1f.—1>
11 im im 11
Vo) Wer, 1y Wa ) Wor,1my
—tr ( 0Givis i1 o >
ayaa(l) ayad(m) m

It follows that:

1 09i,i OGiri
2) 0= S (o (L Wiy VY gy
(27) (m!)Q;G;&n Woony  Wa It ) i ©

o(m)

We shall now compute the exterior differential of 2.

Lemma 2.5. For Q) as above, we have

99ii imimir OGimri
dQ:C {tr( 1112 - mim—+1 m—+1 l)} dy i
Z Z ayaa(l) 8yao(m) 6yam+1 7;1’@'2,~~-7im+1 «

a oceGy,
—1)ym .. .
where ¢ = % and where the first sum runs now over all multiindices @ =
(Oél, Ao, ... ,Oém+1).

Proof. By taking the exterior differential of the expression (2.7), we obtain

1 0 09iyi OGipim
oY UL T M P
o ceB,, am

Woory  Waoimy

QAm+1
where we recall that o = (ay, g, ..., ).
The sum over a;,, 11 followed by the sum over all multiindices & = (a1, ag, ...,

— —

is equivalent to a sum over all multiindices (still denoted by the same symbol
a = (a1, 0,...,0my1), and since dy,,, ., AN dYy = Yo, 1 A Yoy N - A dYa,,
(=1)"dya, N+ A dya,, N dya,,.,, We can write

dQ = ¢ Z Z { 0 tr (;yg;::) .. Wit gimml) } dy,-

a ocG,, ayam«kl ayo‘o‘(m)

Now, to complete the proof, it suffices to observe that when we compute the partial
derivative

Oy (D Diner
8yam+1 8y%(1) @yaa(m m+101
we obtain the term

t ( aghiz agimim+l agim+1i1)
T e
8yo‘o‘(l) ayo‘d('m) ayo‘m,«l»l

plus other terms involving second-order partial derivatives of the transition func-
tions g;;. But when we finally sum over all multiindices o = (a1, aa, . . ., Qpp1), for
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every term of the form
tr(...M...gierlil)dyal /\/\dyy/\../\dyam/\dyu

there is another term equal to
29. )
Thih41 gim+1i1>dyoc1 A A dyu A A dyam A dym
and these two terms add to zero because
82gihih+1 _ 62gihih+1
ayuayu ayuayu

while
AYoy N - Ndyy N+ ANdya,, Ndy, = —dya, N--- Ndy, N -+~ N dya,, N dy,.
O

Having computed df) in terms of the partial derivatives of the trivialization func-
tions g;;’s, we can now switch back to the representation in terms of the Cech
cocycles 7 = £ (0agij) f; (this is convenient essentially because the cocycle iden-
tities (2.5) for the nf}’s are simpler then the analogous cocycle identities (2.4) for
the functions 0,¢;;’s).

Since

A (1) 3 A5 (m) Qm+1

tr(nm'g O ONimgr © mmml) =tr (

-1 0Giviy i1 OGipn i1 f; >

" Wag, OYorrm) Wamir *

— tr ( 0Giyi o G i1 89¢m+lil>
Woyry Yooy Wamsr

we have

— ®o (1) g (m) m
(2.8) dd =c Z Z {tr(m‘ligl O O i © U?mﬂlz‘l)} dy,.
a €6y,
Remark 2.6. At this point we feel that a word of caution is necessary. While the
coeflicient
(@) A1) | Yo(2) %o (m)
tr(n?l,?;7---7im+1> = tr(nili; © ni2i32 ©--0 nimimﬂ)
of dy,, in the expression (2.6) of Q2 is a Cech m-cocycle, hence determines a co-

homology class in H™ (X, Ox) (this follows from the formula for the cup-product
given in Lemma 2.4), the analogous coefficient

Qo(1) Qg (m) Q41
tr(;5, @ O M O M)

in the expression (2.8) of df2 is not an m-cocycle (it is easy to verify that, already
in the simplest case m = 1, it does not satisfy the cocycle identities). It is only
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when we add together all the coefficients multiplying the same differential dy,, that
we get a honest m-cocycle.
More precisely, let us temporarily set

— E ®o(1) A5 (m) Qm+1
falv“'ua’erl - tI‘(,r)i17:2 00 ,r]imim+1 © nimelil)'
€S,
Then, equation (2.8) becomes
dQY=c E fa1,...,am+1 dyoq ARRRNA dyaerl‘
A1y Om4-1

We can also express df) as a sum over all ordered multiindices & = (v, . .., Qpy1),
with 1 <o <ag <+ < e < N:

Q2 = c Z < Z Jarymrniminy Warqy N A dyar(m+1>)

a1<-<am+1 TEGm41
= Z < Z Sgn(T) fa‘r‘(l)7~--’a7—(m+1)) dyal ARRNA dyam+1-
a1<-<am+1 TEGm41

Then, while {fa,, . ams1 Fit,.imsr 1S DOt an m-cocycle, the sum

{ Z Sgn(T)faT(l),...,aT(erl)}l

1] 5ee eyl 1
T€6m+1 ’ stm—+

is a true Cech m-cocycle, hence determines a cohomology class in H™ (X, Ox).

Now that we have clarified this point, it is evident that working at this level of
precision leads to excessively cumbersome notations. For this reason, and in order
to simplify our subsequent formulas, we shall work with the single coefficients

X (1) Qg (m m
tr(mﬂ-f O---0 mmimll o 77@'0;;21)
as if they were honest m-cocycles, bearing in mind that it is only at the end, when we
finally sum over all permutations ¢ € &,, and all multiindices & = (ay, . .., Qpy1),

that everything becomes well defined.

Now, it follows from the cocycle relations (2.5) that, on Usiy.ipsy = Uiy N -+ N
we have

Am+1 AOm+1 ( Am+1 AUm+1 QAm41
= R, = O )

[ Miim1 inis imim1

Ui

m-+41)

By inserting this expression into equation (2.8), we have

A==y S S { i oot oni) | dy..

a ceGy, k=1
Finally, by exchanging the order of summations, we can write

(2.9) A= —c Y Ay,
k=1
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where

Qo Qg (m m
Ak - Z Z { tr(niliél) ©-+0 777:mé'mjrl © nf;zktfl)} dya

a ceS,
Lemma 2.7. For 2 <k <m —1, we have Ay = 0.

Proof. Let us fix k € [2,m — 1]. In the expansion of A, for every multiindex
a = (ay,...,qpq1) there is a multiindex 8 = B, ; = (61, .., Bny1) differing from
a only for the exchange of two elements, at places r and s with 1 < r < s < m;
Br = o, Bs = a,, and B = a; for j # r,s. Note that we have:

dyﬁ:aly/gl/\-~-/\aly5T/\~--/\alygs/\---/\dygm+1
=dYo, N NdYa, N ANdya, N+ Ndya,,,,
= —dYo, N NdYa, N Ndya, N+ Ndya,,

= _dya'
Now, for any such pair of multiindices o and B and for any permutation o of
{1,2,...,m}, let 7 = 7, 5 be the permutation given by the composition 7 = 7, ;0 0,
where 7, ; is the permutation that exchanges the elements at places r and s:
Trs(l, o8 m) = (1,...,8,...,1 ..., m).

It follows that

Br) Br(m) Bmt1 _  Qo(1) g (m) m

niﬂzl O ONipnin © nikilj—-&-ll - niﬂ'zl O O My © niiktrll’

hence the two terms

(1) AU (m) Qm 41
tr(’?m’g O O g © mkikﬂ) dy,

and 5 5 5
(1) T (m) m
tr( iligl ©---0 nimierl © nlkllj4—11> dyﬁ
add to zero. Since all terms in the expansion of Ay can be paired in this way, we
conclude that A, = 0. ]
Now, it remains to consider the two terms A; and A,,.
Lemma 2.8. We have A, = —A,,.

Proof. Let us consider

A= 303 Y ool o)} dy.

a ceG,
By recalling the usual symmetry property of the trace, we may write
Qo (1) g (m) m1y m Qg (1) Qg (m)
tr(mli; O OM iy © 77;111‘;1) = tr ((77?11‘;1 ° 771'1@'21 Jo---o nimim+l)a
hence, if we set &7 = ;" o ng."“) € I'(U;j, End(E)), we have

Ay =33 om0 ot ) b dya,

a ceS,,
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Now, from the skew-symmetry of the map Str in (1.10) (see Corollary 1.7), it follows
that

0(2) X (m) . X (m) A5 (2) o,0
§ : tr(gzlzg Nigis nzmzm+1) - § : (771112 nzgzg 00 gimim+1)7
ceGy, ce€Gm,
hence we have

_ Z Z {tr n“v:;;m) 7]12;7;2) .. 0 (nam+1 on g(l))lmlerl)} dya

a ceSy,
On the other hand, we have

By By .
An=> > {tr (D 0 g oo (e o P “)imimﬂ)}dyﬂ

B TEGH
Now, for every multiindex e = (a1, ..., a;my1) and every permutation o € S, there
is a multiindex 8 = (f41,. .., Bm+1) and a permutation 7 € &,, such that
ﬁT(l) = Qg(m) ﬁ‘r = Qg(2)y- - - 767'(m—1) = Ug(m—1), ﬁf(m) = Qm1, ﬁm—&—l = Ug(1)-

With this choice of a, 3, ¢ and 7, we have

dyﬁ = dyﬂl A dy,aQ /\ A dyﬁm—l A dyﬂm /\ dyﬂm-}—l
= dYay, N Yo N+ N Yoy N Yy N dYay

= (_1)2m72dya1 A dya2 A-- A dy01m+1
=dy,.
It follows that A; = —A,,. O

Now, from equation (2.9) and Lemmas 2.7 and 2.8, we obtain the following result:

Theorem 2.9. For any Y -flat family E of locally free sheaves on X and any integer
m, with 1 < m < dim X, the H™(X, Ox)-valued m-form = Qg on'Y is closed,
.e., d) = 0.

3. DIFFERENTIAL FORMS ON MODULI SPACES

In this section we shall apply the results of Section 2 to the construction of closed
holomorphic differential forms on moduli spaces of sheaves on a smooth complex
projective variety X (we choose to work over the complex field because Theorem 2.9
was proved under the assumption £ = C, but everything we shall say holds true for
any algebraically closed field k of characteristic 0).

So, let X be a smooth n-dimensional complex projective variety and Ox (1) be a
very ample invertible sheaf on X.

For any coherent sheaf £ on X we shall denote by Pg(m) the Hilbert polynomial
of B, Pg(m) = x(F ® Ox(m)), for m > 0. If the rank of E is different from
0 we shall also define the reduced Hilbert polynomial of E, pg(m), by setting

pe(m) = Pg(m)/rk(E).
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Definition 3.1. A coherent sheaf E on X is stable (resp. semistable) if it is torsion-
free and for any proper coherent subsheaf F' C E, with rk(F") # 0, we have pp(m) <
pr(m) (resp. pr(m) < pg(m)), for m > 0.

In order to construct a moduli space of (semi)stable sheaves on X, we need to fix
some moduli data ¢: by this we mean either the choice of a fixed Hilbert polynomial
H(m), or the choice of some fixed rank r and Chern classes ¢, ¢y, . . ., Cp.

Under these hypotheses, we have ([Mal]):

Theorem 3.2. There exists a moduli space M = M(J) parametrizing isomorphism
classes of stable sheaves on X with fixred moduli data 6. The moduli space M ad-
mits a natural compactification M parametrizing S-equivalence classes of semistable
sheaves on X. M is a projective scheme and M is an open subscheme of M.

Remark 3.3. For a fixed Hilbert polynomial H = H(m) the moduli space M(H) is
a disjoint union of moduli spaces M(r,cy,...,c,), where the Chern classes ¢; are
considered modulo numerical equivalence (cf. [Ma, Remark 6.12]).

Remark 3.4. On the moduli space M there does not exist, in general, a universal
family of sheaves £, not even locally in the Zariski topology. In any case, a universal
family €& on M exists locally in the complex analytic topology (or in the étale
topology, if we are working over an algebraically closed field k£ of characteristic
zero) [S, Theorem 1.21]. As noted in Remark 2.1, these local universal families are
not uniquely determined, in fact they are defined only up to tensoring with the pull-
back of a line bundle on M. In general, these ambiguities prevent the local universal
families to glue together to a globally defined one (see [Ma, Theorem 6.11] or [HL2,
Section 4.6] for numerical conditions ensuring the existence of a global universal
family on M). On the other hand, when we consider the relative Ext-sheaves
Eati(€,€) (or the sheaf End(E)), these ambiguities disappear, and these locally
defined sheaves glue together to a globally defined one on M. For this reason, we
shall abuse the notation and write Ext,(€,€) (resp. End(£)) even if the universal
family £ does not exist on M.

Remark 3.5. Using the language of twisted sheaves, the preceding remark can be
rephrased as follows: there exists o € HZ (M, O%,) such that a universal family
€ on M exists as a a-twisted sheaf [C, Proposition 3.3.2]. When we consider the
i-th relative Ext-sheaf £zt (£, &) (or the sheaf End(€)) on M, the twist disappears,

hence 5xtf1(5, E) (resp. End(E)) exists as an ordinary (i.e., untwisted) sheaf.

Since the moduli space M is, in general, not smooth, we shall denote by M?*™
its smooth locus. Analogously, we shall denote by M, the open subscheme of M
parametrizing isomorphism classes of locally free sheaves and by Mji" the smooth
part of it.

For any E € M*™ the Kodaira-Spencer map (2.1) gives a natural isomorphism

(3.1) TpM*™ = Ext!(E, E).
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If £ € Mj", we also have

(3.2) TeMi" = HY(X, End(E)),

because, for a locally free sheaf E, there are canonical isomorphisms
Ext'(E,F) = H(X,End(E)).

The global versions of the Kodaira-Spencer isomorphisms (3.1) and (3.2) provide
natural isomorphisms
TM™ = Ext;(é’, ),
and
TMj" = R'q. End(&).

We can now apply the results of the preceding section to construct natural holo-
morphic differential forms on M*™.

More precisely, by setting Y = M*™ and denoting by £ a locally defined universal
family on Y (cf. also Remark 2.2), we have, for any m with 1 <m <n=dim X, a
vector-valued m-form

(3.3) Q:TM™ x - x TM™ — H™(X, Ox) @ Opgon.

Let us now assume that there exists a holomorphic m-form o on X, 0 € H(X, Q%).
The multiplication by ¢ defines a map

(3.4) H™(X,0x) —Z5 H™(X,0m).

Finally, if we denote by ny € H'(X, QL) the cohomology class of the polarization
Ox(1) (the cohomology class of the Kahler (1, 1)-form on X), we have a map
(3.5) H™(X,0m) ™ H™(X,0%) = C.

By composing the vector-valued differential form © with the maps (3.4) and (3.5),
we obtain an ordinary (scalar-valued) m-form, which we denote by €,:

QO’ . TMS’/TL X e X TMSTTL — OMsm

Since, by Theorem 2.9, the restriction of {2 to the open subset Mj™ parametrizing
locally free sheaves is closed, it follows that the restriction of 2, to Mj™ is a closed
homolorphic m-form.

We can summarize these results as follows:

Theorem 3.6. For any holomorphic m-form o on the complex projective variety X
there s a holomorphic m-form €, on the smooth locus M*™ of the moduli space of
stable sheaves on X. The restriction of $1, to the smooth locus Mi™ of the moduli
space of stable vector bundles on X is closed.

Remark 3.7. Whenever Mji™ is a dense open subscheme of M*™, the closure of {2
on M obviously implies the closure of € on M*™. We conjecture that this is
always true, i.e., that the m-form € of (3.3) is always closed.
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Remark 3.8. The definition of €2, hence of §2,, can be extended to the more general
moduli spaces of pure d-dimensional stable sheaves on X, constructed by Simpson
in [S]. We conjecture that, even in this more general situation, the vector-valued
differential form €2 is always closed.

Remark 3.9. The map from H°(X, Q%) to HO(M*™ Q..) assigning 2, to o is
linear, i.e., 20,4000 = A1 800y + A2, .

Let us describe now some particularly interesting special cases of Theorem 3.6.

Let us take m = n = dim X and assume that there exists a non-zero section o
of the canonical line bundle Kx = Q%. In this case the map (3.5) is the identity,
hence the n-form €, is given by the composition of €2 in (3.3) with the map

H"(X,0x) 2 H"(X,Kx) = C.

Even more interesting is the case when the canonical line bundle of X is trivial, i.e.,
when X is a smooth Calabi-Yau n-fold. In fact, in this case there is a canonical
choice (up to scalars) of the n-form o on X, namely 0 = 1 € H°(X,Kx) = C,
hence there is a canonical n-form €2, on the moduli space M*™.

The natural question that arises at this point is to know under what conditions the
canonical n-form €2, on the moduli space M*™ is non-degenerate. We recall that,
for n = 2, i.e., when X is an abelian or a K3 surface, this is always the case [Mul].
For n > 3, on the other hand, there is no hope that €2, be always non-degenerate;
in fact there are examples of moduli spaces of stable sheaves (even stable vector
bundles) on a smooth Calabi-Yau n-fold that are isomorphic to projective spaces.

We do not know the answer to this question but, in order to investigate the non-
degeneracy of the n-form §2,, when X is a Calabi-Yau n-fold or in the more general
case of a smooth projective variety X with an effective canonical divisor, it may be
helpful to use the following algebraic result (whose proof is elementary):

Proposition 3.10. Let V' be a finite dimensional k-vector space and
w:Vx--xV -k
—_———

m

be an alternating, or symmetric, multilinear form. Let us define
Q:Vx-oxV-V*
N————

m—1
by setting
(v, W(Vg, ..., V) = w(v1, V2, ..., V),
for any vy, ..., v, € V. Then the transpose of & is the map
OV s VEX - x VR
m—1
given by

(@' (1), (v2, ..., vm)) = w(v1, V2, ..., Un),
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for any vy,... v, €V, and we have
Ker(w) = Ker(&") = (Im(@))*,
where
Ker(w) ={v € V|w(v,vg,...,vp) =0,Yvg, ..., v, € V}.
Hence w is non-degenerate if and only if © is surjective or, equivalently, if and only
if @t is injective.
In order to apply this result to our situation let us prove the following lemma:

Lemma 3.11. Let m = n = dim X and let 0 € H°(X, Kx), with 0 # 0. Let
E € M®™ and, using the notations of the preceding proposition, let us set V. =
Ext'(E,E) and w = Q,(E). Then, by Serre duality, we have V* = Ext" ' (E, E ®
Kx), and the map

(3.6) & Bxt'(E,E) x -+ x Ext'(E, F) — Ext" Y(E, E ® Kx)

TV
n—1

1s the composition of the map
S :Ext'(E,E) x --- x Ext'(E, F) — Ext" '(E, F)
induced by the symmetrized composition map (1.2), with the map
Ext" YE,FE) % Ext" Y (E,E ® Kx)

given by the multiplication by o € H(X, Kx).
Proof. The duality between V = Ext'(E, E) and V* = Ext" '(E, E® Kx) is given
b

' (9,97) = tr(¢0¢") € H"(X, Kx) = C,

for any ¢ € V and ¢* € V*.
Let us now take ¢1,...,¢, € V. By recalling the definition of €2, we have:

QO’(¢17 R an) =0 Str(¢17 RS ¢n) - 0% Z tr(¢7(1) o ¢T(2) ©---0 ¢T(n)>

’ TEGn

By recalling the expression for the map Str given in (1.5), we can also write
1
(37> Qo‘(¢17 s 7¢n) =0 m Ztr(¢l o ¢T(2) O:«--0 ¢T(n))7

where now the sum runs over all permutations 7 of the set {2,3,...,n}.
Let us now set ¢* = &(¢s, ..., ¢,). By recalling the definition of @, we have

<¢17¢*> = w(¢17¢2a s 7¢n) = QJ(¢17 ceey ¢n)

On the other hand, by the expression of Serre duality given above, we have

(3.8) (¢1,0") = tr(¢1 0 ¢").
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Now, by comparing (3.8) with the expression in (3.7), we find that

1
(b*zgm Z¢T(2)O"‘O¢T(n) :US(¢27"'7¢TL)'

O

It seems difficult to investigate, in general, the surjectivity of the map @ in (3.6).
Obviously, a necessary condition is that the map

(3.9) Ext" ' (E,E) % Ext" (B, E ® Kx)

be surjective. This is equivalent to requiring that the transpose of this map, i.e.,
the map

Ext'(E, F) % Ext'(E, E ® Kx),
be injective. By applying the functor Hom(E, -) to the standard exact sequence

0—F-">FE®Kx — E®Kx|p —0,

where D € |Kx]| is the divisor defined by o, we see that the map above fits into the
long exact sequence

0 — Hom(E, E) % Hom(E,E ® Kx) — Hom(E,E® Kx|p)
— Ext’(E,F) % Ext (B, E® Kx).

From the stability of E it follows that Hom(F, E) = C, but it is difficult to get
informations on Hom(F, F ® Kx) and Hom(F, E ® Kx|p), in general. Obviously,
this problem simply disappears when X is Calabi-Yau, i.e., when Kx = Ox and
o =1 (in this case the map (3.9) is the identity).

Remark 3.12. If X is a smooth Calabi-Yau n-fold, it may happen that, for a suitable
choice of moduli data, the corresponding moduli space M of stable sheaves on X
has an irreducible component Y which is smooth, projective and of dimension n.
Under these hypotheses, if the restriction of the canonical n-form €2, to Y is non-
degenerate, then Y will be a Calabi-Yau n-fold.

An example of this situation can be found in [T, Theorem 4.23]. In this case n = 3
and the Calabi-Yau 3-fold X is a K3 fibration over P!. The moduli space M is a
relative moduli space of stable sheaves on X supported on the fibers (with suitable
moduli data). The claim is that M is again a Calabi-Yau 3-fold. To prove this
result, Thomas explicitly constructs a holomorphic 3-form on the moduli space M
and shows that it is non-degenerate. We want to remark here that Thomas’ result
is correct, but unfortunately the proof is not. In fact, the “3-form” constructed by
Thomas is actually not a differential form (it is not alternating!).

A similar (and more general) problem has been investigated by T. Bridgeland
and A. Maciocia, under the additional assumptions that X is a flat Calabi-Yau
fibration over a base S, with fibers of dimension < 2, and M is a relative moduli
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space of stable sheaves supported on the fibers of 7 : X — S. We refer to [BM] for
details.

Remark 3.13. K. Yoshioka has constructed in [Y] moduli spaces of stable twisted
sheaves on a smooth complex projective variety X. These are quasi-projective
schemes and can be compactified, in the usual way, by adding S-equivalence classes
of semistable twisted sheaves. In greater generality, moduli spaces of twisted sheaves
have also been constructed by M. Lieblich in [Li], using the language of algebraic
stacks. In any case, it turns out that the tangent space to such a moduli space at a
point corresponding to a twisted sheaf F is canonically identified with Ext'(E, E).
From this fact it should follow immediately that our construction of closed differen-
tial forms €2, on moduli spaces of stable sheaves can be generalized, in a straightfor-
ward way, to moduli spaces of stable twisted sheaves. When X is a K3 surface, this
is explicitly proven in [Y]; in this case, the moduli space of stable twisted sheaves
on X has a canonical symplectic structure (just as in the untwisted case [Mul]).

We end this section with two examples explaining how the construction of the
differential forms €2, can be adapted to other moduli spaces. We describe the cases
of moduli spaces of sheaves with fixed determinant and moduli spaces of framed
sheaves.

3.1. Moduli spaces of sheaves with fixed determinant. Let M be a moduli
space of stable sheaves on X. There exists a natural morphism

det : M — Pic(X),
associating to a stable sheaf E € M its determinant line bundle, det(£) € Pic(X).
For any L € Pic(X) we shall denote by My, = det™" (L) the subscheme of M para-
metrizing isomorphism classes of stable sheaves on X with determinant isomorphic
to L. The tangent space to My at a point E can be canonically identified with
Exty(E, F),
TpMy = Exty(E, E),
where Extj(E, E) is the kernel of the trace map
tr: Ext'(E, F) — H' (X, Ox).

Then, in order to adapt to the moduli space M7" the general construction of
differential forms explained above, we simply need to replace, in the definition of
the H™(X, Ox)-valued m-form ©, all occurrences of Ext'(E, F) with Ext)(E, E).
We thus obtain an H™ (X, Ox)-valued m-form €2, on the moduli space M§™ given,
for any E € M{", by

Q(E) : Ext)(E,E) x -+ x Ext}(E, E) 2 Ext™(E, E) % H™(X, Ox).

Obviously, €2, coincides with the restriction of €2 to the subscheme M{" C M*™.
From this point on, everything works exactly the same as explained for the moduli
space M*®™, hence we get an analogue of Theorem 3.6:
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Theorem 3.14. For any holomorphic m-form o on the complex projective variety
X there is a holomorphic m-form €, on the smooth locus M{™ of the moduli space
of stable sheaves with fixed determinant L on X. The restriction of €, to the smooth
locus MifTy, of the moduli space of stable vector bundles with fized determinant L on
X is closed.

3.2. Moduli spaces of framed vector bundles. Let us now see how the con-
struction of the differential forms 2, can be extended to the case of moduli spaces
of framed vector bundles.

Let X be a smooth n-dimensional complex projective variety with a very ample
invertible sheaf Ox (1), and let D C X be a smooth hypersurface. Let us denote by
F a fixed vector bundle on D.

Definition 3.15. A framed vector bundle on X is a pair (F, ¢) consisting of a
locally free sheaf F on X and an isomorphism ¢ : E|p — F.

Moduli spaces of stable framed vector bundles on a smooth projective variety X
were constructed in [Lu] and, in a more general context, in [HL1], to which we refer
for definitions and results.

Let us denote by FB the moduli space of stable framed vector bundles on X (with
fixed Hilbert polynomial) and by FB*" its smooth locus. The moduli space FB5 is
a quasi-projective variety, and it is actually a fine moduli space, i.e., there exists a
(global) universal family of framed vector bundles on FB.

Standard infinitesimal deformation theory gives the following result:

Proposition 3.16. For any (E, ¢) € FB there is a canonical identification
T(E’¢)fB = Hl(X, Snd(E) ® Ox(—D)),

and the obstruction to the smoothness of the moduli space FB at the point (E, )
lies in H*(X,Endo(E) @ Ox(—D)), where Endy(E) denotes the sheaf of traceless
endomorphisms of E.

In the sequel we shall denote End(E) ® Ox(—D) simply by End(E)(—D).
In this situation we can define a H™ (X, Ox(—mD))-valued differential m-form
Q on FB°™ by setting, for any (E, ¢) € FB",
QE,¢): HY(X,End(E)(=D)) x --- x H'(X,End(E)(—D))
— H™(X,Ox(—mD)),
where this map is the composition of the map
S:HYX,End(E)(—D)) x - x H'(X,End(E)(—D))
— H™(X,End(E) @ Ox(—mD))
induced by the symmetrized composition map, and the usual trace map
tr: H™(X,End(E)(—mD)) — H™(X, Ox(—mD)).
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The proof of the closure of the m-form €2 on FB*" is formally the same as the proof
of the closure of the m-form 2 on Y given in Section 2.

Now, to construct from €2 a scalar-valued differential form on FB*", we just need
a section o/ € HY(X,Q%(mD)), i.e., a global differential form of degree m on X,
with poles bounded by mD. Then, the multiplication by ¢’ defines a map

H™(X,0x(—mD)) <> H™(X, %),

hence by composing 2 with this map and then with the map 7% ™ of (3.5), we
obtain an ordinary (scalar-valued) m-form on FB°™, which we shall denote by §2,.
In conclusion, we have proved the following result:

Theorem 3.17. Let X, D and F be as above. For any meromorphic m-form o' on
X with poles bounded by mD, o' € H°(X,Q%(mD)), there is a closed holomorphic
m-form Q. on the smooth locus FB°™ of the moduli space of stable framed vector
bundles on X.

Finally, let us investigate the relations between the differential forms constructed
on the moduli spaces M*™ and FB*™.

Let X be as above and let ¢ € H°(X,Q%). Let D be a smooth hypersurface of
X defined by a section s € H%(X,Ox(D)). In this case there is an obvious choice
for a global section ¢’ of Q¥ (mD), namely ¢’ = o s™.

Let us set

FB" ={(E,¢) € FB*™| E is a stable vector bundle}.

(In general FBJ™ # FB*™ because there can be framed bundles (E,¢) that are
stable as framed bundles, but such that E is not stable as a vector bundle).
Then we have a natural map

w1 FBI = M

that forgets the framing, i.e., that sends a framed bundle (E, ¢) to E.
With the natural identifications explained above, the tangent map to 7 at a point
(E, ¢) is the map

HY(X,End(E)(—-D)) = HY(X,End(E))

induced by the multiplication by s € H°(X, Ox(D)).
Then we have a commutative diagram

H'(X,End(E)(~D)) x - - x H'(X,End(E)(—D)) 2= H™(X, Ox(—mD))

isx---xs lsm

HY(X,End(E)) x - -- x HY(X, End(E)) S H™(X,Ox)
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From this diagram, and from the preceding definitions of the m-forms on the moduli
spaces, it is evident that the pull-back by 7 of the m-form €2, defined on M*™ is
equal to the m-form €2,/ defined on FB;".
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