A GENERALIZATION OF HIGGS BUNDLES TO HIGHER
DIMENSIONAL VARIETIES

FRANCESCO BOTTACIN

ABSTRACT. Let X be a smooth n-dimensional projective variety defined over C
and let L be a line bundle on X. In this paper we shall construct a moduli
space P(L) parametrizing (n — 1)-cohomology L-twisted Higgs pairs, i.e., pairs
(E, ¢) where E is a vector bundle on X and ¢ € H* (X, End(E)®L). If we take
L = wy, the canonical line bundle on X, the variety P (L) is canonically identified
with the cotangent bundle of the smooth locus of the moduli space of stable vector
bundles on X and, as such, it has a canonical symplectic structure. We prove
that, in the general case, in correspondence to the choice of a non-zero section
s € H(X, w)}l ® L), one can define, in a natural way, a Poisson structure 6, on
P(L). We also analyze the relations between this Poisson structure on P(L) and
the canonical symplectic structure of the cotangent bundle to the smooth locus
of the moduli space of parabolic bundles over X, with parabolic structure over
the divisor D defined by the section s. These results generalize to the higher
dimensional case similar results proved in [Bol] in the case of curves.

INTRODUCTION.

Let C be a smooth projective curve of genus > 2 defined over the complex field
C, and let us denote by M(r,d) the moduli space of stable vector bundles of rank
r and degree d over C.

It is well known that the cotangent bundle of M (r, d) can be canonically identified
with the set of isomorphism classes of pairs (E, ¢), where E € M(r,d) and ¢ : E —
E ® we is a homomorphism of vector bundles. These pairs are known as Higgs
bundles. Since the introduction of these objects by Hitchin in [Hi|, moduli spaces
of Higgs bundles have been studied by various authors, and several generalizations
have been proposed.

In this paper we shall consider the general situation in which the curve C' is
replaced by a smooth n-dimensional projective variety X, defined over C. Let
us fix some “moduli data” and denote by M? the moduli space of stable vector
bundles on X. Since, in general, M?® is not a smooth variety, we shall restrict to
its smooth locus M? . By standard infinitesimal deformation considerations, the
cotangent bundle of M: can be canonically identified with the set of isomorphism
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classes of pairs (E,¢), where E € M? and ¢ € H" (X, End(F) ® wyx). We
are thus naturally led to consider the more general situation of pairs (E,¢) with
¢ € HYX,End(E) ® L), for some fixed line bundle L on X. We shall call these
objects (n — 1)-cohomology L-twisted Higgs pairs, or simply pairs, in the sequel.

The main result of this paper is the construction of a canonical family of (compat-
ible) Poisson structures on the moduli space P(L) of (n — 1)-cohomology L-twisted
Higgs pairs, parametrized by the global sections of the line bundle wy' ® L. If
L = wy there is only one Poisson structure (up to scalars). This is actually non-
degenerate, hence defines a symplectic structure on P(wy), which coincides with
the canonical symplectic structure of the cotangent bundle to M? . In the general
case, if L = wx(D) for some effective divisor D, the Poisson structure of P(L)
corresponding to the section s of wy' ® L defining the divisor D is related to the
canonical symplectic structure of the cotangent bundle to the smooth locus of the
moduli space of parabolic vector bundles with parabolic structure over the divisor
D. These results generalize to the higher dimensional case the results obtained by
Hitchin in [Hi] and by the present author in [Bol].

The paper is organized as follows. In Section 1, we define the objects of our study,
the (n—1)-cohomology L-twisted Higgs pairs, and construct the moduli space P(L);
this variety has a natural structure of vector bundle over a suitable open subset of
M>.

In Section 2 we use infinitesimal deformation theory to study the tangent and
cotangent bundles of P(L). In particular we prove that the tangent spaces to P(L)
can be naturally identified with the first cohomology groups of certain complexes
and, by means of duality theory, we also obtain an explicit description of the cotan-
gent spaces. Then we use these results to define a homomorphism By : T*P(L) —
TP(L), depending on the choice of a non-zero global section s of wy' ® L. This map
defines an antisymmetric contravariant 2-tensor 6, € H°(P(L), A*TP(L)), which
will turn out to be a Poisson structure. The map B will be studied in Section 3.

In Section 4 we introduce the main technical tools used in the sequel. Precisely
we show how tangent vector fields on P(L) can be expressed in terms of certain
first order differential operators.

In the following section, Section 5, we recall some general results about symplectic
and Poisson structures, and define the canonical Poisson structure on the dual of
a vector bundle endowed with the structure of a locally free sheaf of Lie algebras.
This construction is a generalization of the canonical symplectic structure of the
cotangent bundle of a smooth variety.

In Section 6 we use the results obtained in the previous sections to prove that
the antisymmetric contravariant 2-tensor 6, actually defines a Poisson structure
on P(L), that coincides with the canonical symplectic structure on T*M? , when
L = wyx and s is the identity section.
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In Section 7 we compare our definition of (n — 1)-cohomology L-twisted Higgs
pairs with the usual definition of Higgs bundles on higher dimensional varieties, as
found, e.g., in [S1] or [S2].

Finally, in Section 8, we recall the construction of the moduli space M,,, of
parabolic vector bundles on X, with parabolic structure over an effective divisor D
(defined by a section s), and describe the relations between the Poisson structure
of P(L) (corresponding to the section s) and the canonical symplectic structure of
the cotangent bundle to the smooth locus of M,,,.

1. (n—1)-ConomoLoGY HicGs PAIRS.

Let X be a smooth n-dimensional projective variety defined over C, with a very
ample invertible sheaf Ox(1). For a coherent torsion-free Ox-module E, we denote
by rk(FE) the rank of F at the generic point, by deg(F) the intersection number of
c1(F) with ¢;(Ox(1))"! and by Pg = Pg(t) the Hilbert polynomial of E. Finally,
the slope of E is defined by setting

deg(FE)
() = BB
rk(E)

Let M = MZ (P) denote the smooth locus of the moduli space of stable vector
bundles on X with fixed Hilbert polynomial P. By abuse of notation we shall

denote by E either a vector bundle on X or the point of M corresponding to the
isomorphism class of F.

Remark 1.1. In general, even if a universal family £ does not exist on any Zariski
open subset of M?*(P), the sheaf End(€) is always defined. This follows from the
construction of the moduli space M?*(P) by Geometric Invariant Theory, by the
same reasoning as in [Bol, Remark 1.1.2]. As for the universal family &, its local
existence in the étale (or complex) topology, will be sufficient for our purposes.

It is well known that the tangent space T M to M at a point E is canonically
identified to H'(X,End(E)). By Serre duality, it follows that the cotangent space
T;M is identified to H" (X, End(F) ® wx), where wy denotes the canonical line
bundle on X. From this it follows that the cotangent bundle T*M to M can
be described set-theoretically as the set of isomorphism classes of pairs (E, ),
consisting of a vector bundle E on X and an element ¢ € H" (X, End(E) ® wy).
If X is a projective curve (n = 1), we obtain the classical notion of Higgs bundles,
introduced by Hitchin in [Hi].

Let us fix a line bundle L on X (in the sequel we shall impose some conditions
on L).

Definition 1.2. A (n — 1)-cohomology L-twisted Higgs pair (simply called pair
in the sequel) is a pair (E,¢), where F is a locally free sheaf on X and ¢ €
H" (X, End(E) ® L).
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If \: F — FE is a homomorphism of vector bundles, composition with A on the
right and with A®idy, on the left induce, respectively, the following homomorphisms

(1.1) coX: H"YX,End(E)® L) — H" (X, Hom(F,E® L)),

and

(1.2) (A®idy)o-: H" (X, End(F) @ L) — H" (X, Hom(F,E ® L)).
Then we have:

Definition 1.3. A homomorphism of (n — 1)-cohomology L-twisted Higgs pairs
(F,%) and (E, ¢) is a homomorphism of vector bundles A : ' — E such that the
image of ¢ by the map (1.1) is equal to the image of ¥ by the map (1.2). If X is
an isomorphism of vector bundles, then we speak of an isomorphism of (n — 1)-
cohomology L-twisted Higgs pairs.

The notion of family of pairs is defined as follows:

Definition 1.4. A family of (n — 1)-cohomology L-twisted Higgs pairs on X, para-
metrized by a noetherian scheme S, is the data of a vector bundle £ on S x X and
a global section @ of the sheaf R"'q,(Hom(E,€ ® p*L)), where p: X x § — X
and ¢ : X x § — S are the canonical projections.

Let us come now to the definition of stability. We recall that, when X is a curve, a
Higgs bundle (E, ¢) is semistable (resp. stable) if u(F') < u(E) (resp. u(F) < p(E)),
for every ¢-invariant proper subbundle F of E (see [N]).

There is an obvious generalization of this notion of stability to the case of (n—1)-
cohomology L-twisted Higgs pairs on a higher dimensional variety; we must only
be careful to consider the right notion of subobjects of a pair (E, $). In fact, when
dim X > 1, it is not sufficient to consider subpairs (F,) with F locally free, but
we must allow F to be only a torsion-free sheaf. Correspondingly, v/ should be
an element of Ext" ' (F, F ® L). The definition of a homomorphism of these more
general pairs is the obvious generalization of the one given in Definition 1.3. Hence
we define subpairs as follows:

Definition 1.5. A subpair of a (n—1)-cohomology L-twisted Higgs pair (£, ¢) is a
pair (F, 1)), where F is a coherent torsion-free subsheaf of E and ¢ € Ext" '(F, F®
L), such that the inclusion F' — F induces a homomorphism of pairs.

Now we can state the definition of (slope) stability:

Definition 1.6. A (n — 1)-cohomology L-twisted Higgs pair (E, ) is semistable
(resp. stable) if pu(F) < u(E) (resp. u(F') < u(E)) for every proper subpair (F, ).

Remark 1.7. In [BGP] the authors introduced a notion of stability (depending on
parameters) for a more general class of objects called p-cohomology triples. It is
easy to see that this definition of stability reduces to our definition in the case
of (n — 1)-cohomology L-twisted Higgs pairs (and the dependence on parameters
disappears).
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Remark 1.8. As usual, this definition of stability leads to the construction of moduli
spaces of (semi)stable (n — 1)-cohomology L-twisted Higgs pairs. In this paper,
however, we shall restrict our attention to pairs (E,¢) such that E is a stable
vector bundle. We note that, if F is stable, then (E,¢) is a stable pair for any
¢e€ H (X, End(E) ® L).

Remark 1.9. In the case of surfaces, a (n — 1)-cohomology L-twisted Higgs pair
(E, ¢) is actually a l-cohomology L-twisted Higgs pair, i.e. ¢ € H'(X,End(E) ®
L) = Ext'(E, E ® L), hence it determines an extension of E by £ ® L,

O—>E®L—>E¢;—>E—>O.

Extensions of holomorphic vector bundles are studied in [BGP] and, particularly,
in [DUW], where moduli spaces of extensions are constructed. There is a notion of
stability for extensions, depending on a real parameter «, defined as follows: for an
extension e given by an exact sequence of coherent torsion-free sheaves

e: 0286 —-&—& —0,

we define the a-slope by setting
l"k(gg)
k(&)

Then we say that an extension e is a-stable (resp. a-semistable) if, for every proper
subextension ¢/, we have

pale) = p(€) +

pale’) < pale)  (resp. <).

It is easy to prove that this notion of a-stability, applied to the extension corre-
sponding to a 1-cohomology L-twisted Higgs pair (E, ) coincides with the notion
of stability for pairs given in Definition 1.6. Again, we note that the dependence
on the real parameter a has disappeared.

Let us denote by P(L) the set of isomorphism classes of (n — 1)-cohomology L-
twisted Higgs pairs (E,¢) on X such that £ € M (this means, in particular, that
E is stable). There is a natural projection map 7 : P(L) — M, which sends a pair
(E, ¢) to E and whose fibers are 771(E) = H" (X, End(E) ® L).

As we have previously seen, if we take L = wy, P(wx) is canonically identified
with the cotangent bundle T*M of the smooth locus M of the moduli space of
stable vector bundles on X. This means, in particular, that the dimension of the
fibers 771(E) = H" Y X, End(F) ® wx) is constant as E varies in M.

Unfortunately, for a generic L, the dimension of H" (X, End(E) ® L) will not
be necessarily constant as £ varies in M, hence it is not possible to regard P(L) as
a vector bundle over M. However, by the semicontinuity theorem, there exists an
open subset M’ of M such that dim H" (X, End(E) ® L) is constant as E varies

in M'. Now, if we consider pairs (F, ¢) with £ € M’, and we use the symbol P(L)
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to denote the set of isomorphism classes of such pairs, it is easy to prove that P (L)
can be given the structure of a vector bundle over M’.

In the language of algebraic geometry, this can be done as follows. Let us consider
the universal sheaf End(€) on M’ x X defined in Remark 1.1, and denote by p :
M'x X — X and ¢ : M' x X — M’ the canonical projections. From the fact that
the dimension of H" (X, End(E)® L) is constant as E varies in M’, it follows that
the sheaf

H = R"'¢.(End(E) @ p*L)
is a vector bundle on M’, whose fibers are Hg = H" (X, End(E) ® L). We may
then define the variety P(L) as follows:

P(L) = Spec(Sym(H")),

where Sym(H*) denotes the symmetric algebra of the dual sheaf of H. Thus
P(L) has a natural structure of vector bundle over M’, with fibers isomorphic
to H"1(X,End(E) ® L), for E € M'.

On the variety P(L) there does not exist, in general, a “universal pair” (€, ),
since there does not even exist a universal vector bundle £ on M’. We can however
prove the following result:

Proposition 1.10. If there exists a universal vector bundle £ on M’', then there
exists a universal (n — 1)-cohomology L-twisted Higgs pair on P(L).

Proof. Let us consider the following commutative diagram:

PL)x X —~ M x X

ql

P(L) — M,

/

q

where 7 = 7 X idx.

To construct a universal pair on P(L) x X, we first consider the vector bundle
E' = 1"*(&), obtained by pulling-back the universal vector bundle £ on M’ x X.
Then we observe that the vector bundle 7*(H) on P(L) has a canonical section .
By using the flatness of m and the fact that £ is locally free of finite rank, we have:

m(H) = 7" (R""'q.(End(€) @ p™L))
= R" g7 (End(E) @ p*L)
= R"q,(End(&) @ p"L),

where p’ : P(L) x X — X denotes the canonical projection.

It follows that @ can be considered as a section of R"'¢.(End(E') ® p'*L).
The pair (£,®) has the property that, for every (E,¢) € P(L), its restriction
to {(E,¢)} x X is isomorphic to the pair (E,¢). Now, by using the fact that £
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is a universal vector bundle on M’, it is easy to prove that (£,®) is a universal
pair. 0

Remark 1.11. As we have already observed in Remark 1.1, even when there is no
universal vector bundle £ on M’, the sheaf End(E) is always defined. It follows
that, even if the universal sheaf £ on P(L) x X may not exist, the sheaf End(&’) is
always defined. By adapting the proof of the preceding proposition, it follows that
the universal section @ of R"1¢.(End(£') ® p'*L) is always defined.

2. INFINITESIMAL STUDY OF P(L).

In this section we study infinitesimal deformations of Higgs pairs. Let Cle|/(e?)
be the ring of dual numbers over C; in the sequel it will be denoted simply by Cle].

Definition 2.1. An infinitesimal deformation of a (n — 1)-cohomology L-twisted
Higgs pair (E, ) is a family (E., ¢.) of pairs parametrized by Spec(Cle]), together
with an isomorphism of (E, ¢) with the specialization of (E., ¢.) (we shall say for
short that (E., ¢.) restricts to (E,¢)).

Two infinitesimal deformations (E’, ¢.) and (E”,¢") of a pair (E, ¢) are isomor-
phic if there exists an isomorphism of pairs A, : (E!, ¢') — (E”, ¢!") which restricts
to the identity over (E, @).

Let (E, ) be a (n—1)-cohomology L-twisted Higgs pair in P(L). We shall use the
Cech complexes C" (U, End(E)) and C"' (U, End(E) ® L), with respect to a suitable
affine open covering U = (U;);e; of X, to compute the cohomology of these sheaves
(in the sequel, to simplify the notation, the indication of the open covering U will be
omitted). The cohomology class ¢ € H" (X, End(F) ® L) can thus be represented

77777

..........

It is easy to check that the maps
(2.1) [, @] : C'(End(E)) — CT" 1 (End(E) ® L)

define a homomorphism (of degree n — 1) of Cech complexes.
We now define a new complex C"([-, ¢]) by setting

¢
CH([ 8]) = C(End(B)) & C"(€nd(E) @ L),
with coboundary d’ : C*([, ¢]) — C*F1([, #]) given by

¢ = (1% o).
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It is straightforward to verify that C"([-, ¢]) is actually a complex and that its first
cohomology group H'(C'([-,¢])) is the set of equivalence classes of pairs (a,n) =
{ig..in 1} {Mjoin}) € CHENd(E) @ L) & C'(End(E)) such that dn = 0 and
da = [n,¢], modulo the equivalence relation defined by («a,n) ~ (a/,n') if there
exist 3 € C"2(End(E) ® L) and ¢ € C°(End(F)) such that o/ = a — 53 + [(, ¢]
and ' = n+ 4C.

Let us fix our notation here. In terms of Cech cocycles, the equality da = [, ¢]
means precisely

and o = a — 00+ [(, ¢] means

Oéf,io ,,,,, in1 — Migyeyin_1 (65)10 ----- in—1 + [Ciov ¢i0 ----- Z‘nfl]'

Remark 2.2. The complex C ([, ¢]) is essentially the “mapping cone” of the homo-
morphism of Cech complexes defined by (2.1), with a shift of —1 in the degrees, if
we take as definition of the mapping cone the one given in [KS].

The complex C"([-, ¢]) actually depends on the representative ¢ of the cohomology
class ¢. The following lemma shows that, on the other hand, the cohomology of
this complex depends only on the cohomology class ¢.

Lemma 2.3. Let ¢ and ¢' be two (n — 1)-cocycles which represent the same co-
homology class ¢ € H" 1 (X,End(E) ®@ L), and let C([-,¢]) and C*([-,¢']) de-
note the corresponding complexes. Then the cohomology groups H'(C'([-,¢])) and
HY(C([-,¢'])) are canonically isomorphic.

Proof. We shall prove the result only for ¢ = 1, the proof in the general case being
similar. Let us write ¢’ = ¢ + 09, for ¢ € C"2?(End(E) ® L). Using the explicit
description of the first cohomology group H'(C"([-,¢])) given before, it is straight-
forward to prove that the map H'(C'([-,¢'])) — H'(C ([, ¢])), which sends the
element (o, n) to (a+[n, ¥],n) is well-defined and is an isomorphism of cohomology
groups. 0

Now, by an infinitesimal deformation computation similar to the one used in
[Bol] in the proof of Proposition 3.1.2, we can prove the following result:

Theorem 2.4. The set of isomorphism classes of infinitesimal deformations of a
pair (E, ¢) is canonically identified with the first cohomology group H*(C ([-, ¢])).

From the existence of a local universal family of (n — 1)-cohomology L-twisted
Higgs pairs, we obtain:

Corollary 2.5. The tangent space Tig 5P(L) to P(L) at the point (E, ¢) is canon-
ically isomorphic to H'(C ([, ¢])).
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Remark 2.6. We remark, without giving any details, that the methods used to study
infinitesimal deformations of (n — 1)-cohomology L-twisted Higgs pairs can be ap-
plied, with only minor modifications, to the study of the infinitesimal deformations
of p-cohomology triples, defined in [BGP].

Now we turn to the study of the cotangent space 177, 5 P(L). For this we have to
“dualize” all the constructions we have previously done. We begin by constructing
the “dual complex” C"([¢,-]) of C"([-,¢]). This is defined as follows:

C([g,]) = C*(End(E) ® L™ @ wx) & C""2(End(E) ® wx),

with coboundary given by
i (0 0
"= ([as, ] —6@*”-2) |

Remark 2.7. The reason for considering the map [¢, ] instead of [-, ¢] in the dual
complex is the following: when we dualize, we obtain sheaves (End(E))*®@ L' @uwy
and (End(F))* ® wx. Now, there is a canonical identification between (End(E))*
and End(E) given by the pairing trace. Under this identification, the transpose of
the map [+, ¢] coincides precisely with the map [¢, -].

The following result follows now from the general theory of duality (but can also
be proved directly):

Proposition 2.8. The dual of the i-th cohomology group H'(C ([-,¢])) is canoni-
cally identified with H*~'(C"([¢,])). In particular, we have a canonical isomorphism

HY(C ([, ¢])" = H'(C (9, ])).
We can now state the following result:

Corollary 2.9. The cotangent space T(*E é)P(L) 18 canonically isomorphic to the
first cohomology group H'(C"([,-])).

Remark 2.10. An analogue of Lemma 2.3 holds for the complex C"([¢, ), ie., its
cohomology groups actually depend only on the cohomology class ¢.

Remark 2.11. In terms of Cech cocycles, the group H*(C"([¢,])) may be described
in a way perfectly similar to the group H'(C"([-,¢])): it is the set of equivalence
classes (modulo an obvious equivalence relation, that we do not write explicitly) of
pairs (8, ) = ({Binoins b {Cingi }) € € (End(E) ©wx) & CL(End(B) & L By
such that §¢ = 0 and 03 = [¢, (], where this equality means precisely

(6ﬁ)i0 ..... in — [¢i0 ..... in—19 Cin_l,in]-

Remark 2.12. By using the description of the cohomology groups in terms of Cech
cocycles, it is possible to give an explicit description of the duality pairing

(2.2) HY(C ([ ) x H(C([¢,])) — H"(X,wx) = C.
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If (a,n) € HY(C([-,¢])) and (8,¢) € HY(C([$,-])) are represented by cocycles
({ig,sin-1 }s {njo,j1}> and ({Bi,....in 1 }» {CJO:jl }), respectively, it is easy to verify that
{tr(ai() ..... in_1<in_1,in + nio,ilﬁil ..... in)}io ..... in

defines a n-cocycle with values in wy, hence determines an element of H"(X,wy)
C. It follows that the duality pairing (2.2) may be written explicitly as follows:

((a,n), (B, Q) = {tr(ip,..oiin1Ginryin T Mioyia Bt} = tr(@UC+n U B),
where we denote by U the “cup product”.

~

Remark 2.13. We can also globalize the preceding constructions to the whole tan-
gent and cotangent bundles to P(L).

For simplicity, let us denote by End(E) the sheaf on P(L) x X which was pre-
viously denoted by End(€’), in Remark 1.11. Let & be the canonical section
of R""1q,(End(€) ® p*L), where we now denote by p : P(L) x X — X and
q:P(L) x X — P(L) the canonical projections. The section @ can be represented
by a Cech (n — 1)-cocycle with values in End(€) ® p*L, with respect to a suitable
affine open covering of P(L) x X. Let us consider the resolutions of the sheaves
End(E) and End(E) ® p*L given by the Cech complexes of sheaves C'(End(£)) and
C(End(€) ® p*L).

We are now in a position to define a sheafified version of the complex C"([-, ¢]).
We set

C'([-?]) = C'(End(€)) & C™*(End(€) @ p™L),

with coboundary d* given by
(50
d" = ([7¢} _5i+n2> .

Note that this is a complex of sheaves on P(L) x X its restriction to {(E, ¢)} x X
gives a sheafified version of the complex C"(][-, ¢]) on X.

From what we have previously seen, it follows that we have a canonical identifi-
cation

(2.3) TP(L) = R'q,(C ([, D))).

In a similar way, we can define the global dual complex C'([®,-]), and obtain a
global isomorphism

(2.4) T*P(L) = R'q,(C([2,])).

There is also an obvious global analogue of the explicit expression of the duality
pairing given in Remark 2.12.

Let us now choose a non-zero section s € H°(X,wy' ® L). Multiplication by s
and —s respectively, induces homomorphisms of complexes

C(End(€) @ p*wx) —=— C'(End(E) @ p*L)
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and
C(End(&) @ p* (L' @ wx)) —> C (End(E)).

From these maps we obtain a homomorphism of complexes
(25) B, Cv([éa ]) _>C<[’¢])’
which, in turn, induces a homomorphism

B, : R'q.(C([2,])) — R'a.(C([-,2])).
By recalling the natural identifications (2.3) and (2.4), we can define a contravariant
2-tensor 0, € HY(P(L), ®*TP(L)) by setting

Os(wy, we) = (wr, Bs(ws)),

for 1-forms w; and w, considered as sections of R'q.(C ([®,])), where (-,-) denotes

the duality pairing between TP(L) and T*P(L).
For any (E, ¢) € P(L), we obtain from (2.5) a homomorphism of complexes

which determines a homomorphism
(2.6) B, : HY(C([9.])) — H'(C([, 9])).

By recalling the description of the cohomology groups in terms of Cech cocycles,
the map (2.6) can be written as follows: for (a,n) = ({@ig. in 1t {Mjoir}) €

HY(C([¢,])), we have
Ba(,n) = ({8, .in s }> {=5Mj051 }) € H(C ([, 9]))-

It is now immediate to prove that B is skew-symmetric, hence 6, is actually an
antisymmetric contravariant 2-tensor, i.e., 8, € H°(P(L), NX*TP(L)).

Remark 2.14. 1f we suppose that deg(L) < deg(wx) and that there exists a non-
zero global section s of wy ® L1, we are in a situation similar to the one just
described, but with all the arrows reversed.

Precisely, by multiplying by s and —s respectively, we obtain two homomorphisms
of complexes

C(End(E)®p*L) - C(End(E) @ p*wx)
and
C(End(&)) == C (End(&) @ p* (L' ® wy)),

hence a homomorphism )
This, in turn, determines a homomorphism

B, : R'q.(C([-,2])) — R'a.(C (2, ]))
which is equivalent to giving a 2-form w, € H°(P(L), A*°T*P(L)), defined by setting

ws(&1,62) = (61, Bs(§2)),
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for two vector fields & and &, considered as sections of R'q.(C ([-,D])).

Remark 2.15. As a final remark we point out that all the constructions carried out
in this section could be done, in a more intrinsic way, using the language of derived
categories.

3. THE MaApr B;.

Let us study more closely the morphism
B, : H'(C (¢, 1)) — H'(C'([ ¢])).
The section s € H(X,wy' ® L) defines an effective divisor D, on X, such that

Ox(D,) = wy' ® L. For any sheaf F on X let us denote by Fp, the sheaf FF® Op_.
From the exact sequences

(3.1) 0— End(F) @wy — End(E)® L — End(E) ® Lp, — 0
and

(3.2) 0— End(E)® L' @wy —> End(E) — End(E)p, — 0,
we obtain an exact sequence of complexes

(3.3) 0—C (9, ]) 2 C ([ 9]) = C ([ éln,) = 0,

where C"([-, ¢|p,) is defined similarly to C"([-, ¢]), by replacing the sheaves End(E)
and End(FE) ® L with their restrictions to Dy, End(E)p, and End(E) ® Lp,, respec-
tively.

From the exact sequence (3.3) we obtain a long exact sequence of cohomology
groups

0 — H(C (9, ]) — H(C([-,0])) — H(C ([ ¢]p.))

— HY(C (9. 1) = H(C ([ 0]) — HY(C ([ d]p.) — -+
The stability of E implies that

HY(C([,¢]) = H"*(X,End(E) ® L) & C,

(3.4)

and
<. L Ce H" (X, End(E) @ w if D, =0, 1ie L=uwy,
HO(C ([0, )y 2 4 0 UG EndlE) Sl .
H" (X, End(F) @ wx) if Ds # 0.
Analogously, if we suppose that the restriction of E to Dy is again stable, it follows

that
H(C ([ ¢lp,)) = H"*(Ds, End(E) ® Lp,) & C.

From the long exact sequence (3.4) it follows that

H"2(D,,End(E) ® Lp,

ker(B, - B(C(19,1)) — H'(C (o)) = T Pn BN L)

H2(X,End(E)® L)
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which, in turn, is isomorphic to
ker(H" (X, End(F) @ wx) — H" (X, End(E) ® L)),
as follows at once from the exact sequence (3.1).

Note that, if L = wy, we obtain ker(Bs) = 0, which corresponds to the fact
(obvious, from the very definition of Bj) that B; is an isomorphism.

Remark 3.1. The situation is more complicated if we suppose that H°(X,wx ®
L7 # 0. 1In this case, in correspondence to the choice of a non-zero section
s € H'(X,wx @ L), we get two exact sequences

0— End(E)® L - End(E) @ wx — End(E) @ wx @ Op, — 0
and
0— End(E) > End(E)® L' @wx — End(E) @ L' @ wx ® Op, — 0,

where D, denotes the effective divisor defined by s.
These sequences determine an exact sequence of complexes

0— C([¢]) 2= C([6,]) = C ([, ]p,) — O,

where C"([¢,-]p.) is the complex obtained from C"([¢,-]) by replacing the sheaves
End(FE) ® wx and End(F) ® L™ ® wx with their restrictions to D.
The corresponding long exact cohomology sequence
0— HY(C ([ ¢))) — H(C([¢,])) — H(C([¢.]p.))
— HY(C ([ ¢]) = H'(C ([, ])) — H'(C([¢,"]p,) — -+
may be used to study the kernel of the map By, i.e., the degeneracy locus of the
corresponding 2-form wy.

4. VECTOR FIELDS ON P(L).

In this section we extend to the n-dimensional case the results proved in [Bol, Sec-
tion 3.3]. The following, somewhat technical, results are needed for our subsequent
computations. Since most of what follows is a rather straightforward generalization
of what we proved in loc. cit., the proofs of the following results are only sketched.

Let us start by recalling some general facts. If Y is a k-scheme, a tangent vector
field on Y may be thought of as an automorphism over Spec(kle])

D

Y x Spec(kle]) ~ Y x Spec(kle])

\ /

Spec(k[e]),

that restricts to the identity morphism of Y when one looks at the fibers over
Spec(k).
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Let now D be a tangent vector field on P(L). If we denote by (£, ®) the local uni-
versal family on P(L) x X, and by (E[e], Ple]) its pull-back to P(L) x Spec(kle]) x X,
the vector field D may be described, locally, by giving the infinitesimal defor-
mation (&,®.) = (D x idx)*(€[e], P[e]) of the local universal family (€,d). At
a point (E,¢) € P(L), the corresponding tangent vector is given by (E., ¢.) =
(€, Pe)|((5.5)y xx» Which is an infinitesimal deformation of the pair (E, ¢).

From what we have seen in Section 2, the tangent field given by (&, ®.) corre-
sponds to a global section (a,n) = ({q.in 1 }+ {Mjo.js }) of R'q.(C ([-,P])). We shall
see in the sequel how this section can be expressed in terms of first order differential
operators.

First we need another general fact. Let 7 : X — Y be a morphism (locally of
finite presentation) of schemes, and F', G two locally free sheaves on X. We denote
by Diff v (F, G) the sheaf of relative differential operators from F' to G of order
< 1. There is an exact sequence (cf. [EGA, Ch. IV, §16.8])

0 — Hom(F,G) — Diff v (F,G) = Dery(Ox) @ Hom(F,G) — 0,

where o is the “symbol” morphism. Then, if I’ = G and we restrict to differen-
tial operators with scalar symbol, which we denote by D% sy (F), we get the exact
sequence

(4.1) 0 — End(F) — Dy (F) % Dery(Ox) — 0.

Now we shall apply these results to the morphism p : P(L) x X — X. The idea
is to take as F' the universal family £ on P(L) x X; actually it may not exist but,
as already remarked, the sheaf End(€) is always defined. By a similar argument,
it follows that also the sheaf DY (E) = Dp ). x/x(€), of first order differential
operators with scalar symbol which are p*(Ox)-linear, is always defined. From
(4.1) we thus obtain the exact sequence

(4.2) 0 — End(€) — DY(E) — ¢*TP(L) — 0,

where ¢ : P(L) x X — P(L) is the canonical projection.
Exactly as in Section 2, we can consider the resolutions of the sheaves End(€)
and D% (€) given by the Cech complexes C (End(€)) and C (D% (€)). In this case

too there is a well-defined map
[, @] : C'(Dx(£)) — CH" 1 (End(E) @ pL).

(To this respect, note that if D is a first order differential operator, then [D, | is a
differential operator of order 0, hence a homomorphism of sheaves.)
It follows that we can define a new complex D'([-, ?]) by setting

Di([-, #]) = C'(DL(€)) @ C*"2(End(€) @ p' L),
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. (5 0
)

Now, from the exact sequence (4.2), we deduce that there is an exact sequence of
complexes

with coboundary given by

0—=C([2]) = D([2]) = C(¢TP(L)) — 0,
where C (¢*TP(L)) is a suitable Cech resolution of the sheaf ¢*TP(L) (this result

could be better stated in the derived category D*(P(L)x X ); in this case we actually
have an exact sequence of complexes

0—=C([,?]) = D(,?]) = ¢TP(L)— 0,

where ¢*TP(L) is regarded as a complex concentrated in degree 0).
By applying the functor ¢., and noting that ¢.¢*TP(L) = TP(L), since q is a
proper morphism, we get a long exact sequence, a piece of which is

(4.3) = TP(L) = R'q.(C ([ ?])) = R'q(D([-,])) — -

It is evident that the map TP(L) — R'q.(C([-,®])) coincides with the isomorphism
(2.3), hence the image of R'q.(C ([-,®])) in R'q.(D([-,®])) is zero. This means
that for each section ({cviy. i, 1} {Mjojr}) of R'q.(C ([-,P])), there exist differential
operators D; and homomorphisms 3y, ;. _,, determining sections of C%(D%(€)) and

C"2(End(€) @ p*L) respectively, such that
Mjo.j1 = Djl - Djo
and
Aig,.ig—g = [Dloﬂdslo 77777 in—l] - (66)10 ,,,,, In—1"*

Finally, by observing that the cocycles («,n) and (o — 03, n) represent the same
section of R'q,(C ([, ®])), we obtain a proof of the following result:

Proposition 4.1. For any tangent vector field D on P(L), corresponding to an
infinitesimal deformation (E.,9.) of (€,®), described by a global section (a,n) of
RYq.(C ([, ®])), there exist a suitable open affine coveringU = (U;)ier of P(L) x X
and first order differential operators D; € T'(Uy, DA\ (E)) such that the section (a,n)
is represented by a Cech cocycle ({cvg... i1} {0jo.ir })s with

Q... in [Dzm@zo ..... in,l]

and . .
Mjo.jn = Dj1 - Djo-

To end this section, let us remark that all the considerations made in [Bol,
Remark 3.3.4], concerning a different proof of the analogue of Proposition 4.1, and
also those expressed in Remark 3.3.5 of loc. cit., can be generalized to the present
situation. We leave the details to the reader.
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5. SYMPLECTIC AND POISSON STRUCTURES.

We recall here some definitions and results of symplectic geometry that will be
used in the sequel.

Let Y be a smooth algebraic variety over the complex field C. A symplectic
structure on Y is a closed nondegenerate 2-form w € H°(Y, Q% ). Given a symplectic
structure w, the Hamiltonian vector field Hy of a regular function f is defined by
requiring that w(Hy,v) = (df,v), for every tangent vector field v. Then we define
the Poisson bracket of two regular functions f and g on Y by setting

{f,9} = (Hy,dg) = w(Hg, Hy).

The pairing {-, -} on Oy is a bilinear antisymmetric map that is a derivation in each
entry and satisfies the Jacobi identity

(5.1) {f {9 h}}y +{g9.{h, f}} +{nA{f g}} =0,

for any f,g,h € I'(U,Oy). This implies that [Hy, Hj] = Hyyg4y, where [u,v] =
uv — vu 18 the commutator of the vector fields v and v.

Example 5.1. The cotangent bundle T*Y of a smooth variety Y has a canonical
symplectic structure, defined as follows. Let 7w : T*Y — Y be the structure mor-
phism. By restricting the cotangent morphism to 7,

T m . o*T*Y =T*Y xy T*Y — T*T*Y,
to the diagonal of T*Y xy T*Y, we get a map T*Y — T*T*Y, which is a section
of the bundle T*T*Y — T*Y, i.e., a differential form of degree 1 on T*Y. This is

the canonical 1-form on T*Y, denoted by ay. The closed 2-form w = —day is the
canonical symplectic form on T*Y'.

A natural generalization of symplectic structures is given by the notion of a
Poisson structure.

A Poisson structure on Y is a Lie algebra structure {-,-} on Oy satisfying the
identity {f, gh} = {f, g}h+g{f, h}. Equivalently, this is given by an antisymmetric
contravariant 2-tensor § € H°(Y, A*TY), where we set

{f, 9} =0, df Ndg).

Then @ is a Poisson structure if the bracket it defines satisfies the Jacobi identity
(5.1). When 0 has maximal rank everywhere, we say that the Poisson structure is
symplectic. In fact, in this case, to give 6 is equivalent to giving its inverse 2-form
w e HY(Y,0%), i.e., a symplectic structure on Y.

The following construction generalizes to the Poisson case the canonical symplec-
tic structure of the cotangent bundle of a smooth variety.

Let Y be a smooth variety and & a locally free Oy-module endowed with a
structure of a locally free sheaf of Lie algebras over C. We shall regard & as a
vector bundle over Y. Let u : & — TY be a homomorphism for the structures of
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Oy-modules and of sheaves of Lie algebras, satisfying the following compatibility
condition between the two structures:

(5.2) [, f ¢l = Fl& ¢+ u(€)(f) ¢

for any f € I'(U,Oy) and any &, ¢ € I'(U, &), where [, -] denotes the Lie bracket
operation on &. Let &* be the dual of &.

In this situation there is a canonical Poisson structure on &*, considered as a
variety over Y. First we note that Og« = Symg (&), the symmetric algebra of
® over Oy. Then, for any open subset U C Y and sections &, ¢ € T'(U,®) and
frg € T(U,Oy), we set

{&,¢r=1¢.¢,
(5.3) {&, 1 =u)(f),
{f,9} =0,

and extend {-,-} to all of Og~ by linearity and by using Leibnitz rule for the product
of two elements.
The following result follows easily:

Proposition 5.2. The bracket {-,-} on &* is a Poisson bracket.

The corresponding Poisson structure on the vector bundle &* is called the canon-
ical Poisson structure associated to the sheaf of Lie algebras & and the homomor-
phism v : & — TY.

For further details on this construction, we refer to [Bol]. To end this section we
note that, if we take as & the tangent bundle TY and as u the identity morphism,
the canonical Poisson structure on &* = T*Y defined above coincides with the
canonical symplectic structure on the cotangent bundle of Y.

6. POISSON STRUCTURES ON P(L).
In Section 2 we used the map
B, : R'q.(C ([2,])) = R'a.(C'([-, ?]))
to define an antisymmetric contravariant 2-tensor
0, € H'(P(L), N*TP(L)).

By what we have previously seen, to prove that #, is a Poisson structure it remains
to prove that the corresponding bracket satisfies the Jacobi identity (5.1).

Let us begin by considering the case L = wx. In this case the variety P(L) =
P(wx) coincides with the cotangent bundle of M’. As we have seen, the choice of
the identity section s = 1 of H°(X,wy' ® wx) determines an isomorphism

By : T*P(wx) — TP(wx).

As in the case of curves we have the following result:
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Theorem 6.1. The antisymmetric contravariant 2-tensor 0 on P(wx) defines a
Poisson structure, that is symplectic and coincides with the canonical symplectic
structure on T*M’, under the natural identification P(wx) = T*M’.

Proof. The proof is an adaptation to the higher dimensional case of the proof of
Theorem 4.5.1 of [Bol]. We only sketch here the relevant modifications.

The canonical 1-form ap(,) @ Plwx) — T*P(wx) coincides with the global
section (@,0) of R'q,(C ([®,"])), defined as the image of ¢ by the natural map

T (H) = R'q.(C([2,])).
In terms of Cech cocycles, we can write, for any (E, ¢) € P(wyx),

apwx) (B, 0) = ({@ig,..inr 1, 0),

where {¢;, ..} is a (n — 1)-cocycle representing the cohomology class ¢.

The canonical symplectic form on P(wx) is then given by w = —dap ().

Let D' and D? be two tangent vector fields on P(wx ), represented respectively
by the global sections (a!,n') and (a?,n?) of R'q.(C ([-,®])). From Proposition 4.1,
it follows that there exist first order differential operators D} and D?- such that

h D! &

Ozio,...,in,1 = [ 207 105--+ infl]

and
o Pk “h
nj07j1 - Dj1 - Djo’
h h _ .

where ({a; ;b {n} ;. }), for h = 1,2, are cocycles representing the global sec-
tions (a*,n").

Exactly as in the case of curves, it follows that the second order differential
operator D' D? is described by giving gluing isomorphisms of the form

1 /2 111 2 2 1
L+ enjo g, + €m0 + €€ (D)5 50 — Mo Pio)»

in terms of which the infinitesimal deformation of @ is locally written as

1 /.2 Il 2
@iO:myinfl + 6ai0,...,in_1 T e aio,...,in_1 + €€ [Di()? Oéio,...,’in_l]‘

It follows that the “infinitesimal deformation of the pair (a?, n?) along the vector
field D7 is given by the pair

({a?(),“.,infl + G[Dil()? Oé?(),...,’infl]}7 {77.]2.0,]'1 + E(D;In?07j1 - njzo,_]lD_jl())})
Analogous considerations hold for the second order differential operator D?D*!.

Finally, the vector field [D', D?] corresponds to the cocycle given by
({HD17D2]¢07@ ]}7{[D17D2]j1_[D17D2]j0})'

105--0sin—1

Using these expressions we are now able to compute explicitly the differential
dap(uy), evaluated against the two vector fields D' and D?. The computations



A GENERALIZATION OF HIGGS BUNDLES 19

are similar to those carried out in the proof of Theorem 4.5.1 of [Bol]. We obtain:

(61) dOé'P(wX (Dl DQ) = {tr(nlo i1 211 in ?72'10,1110(?1 Zn)}7

7777777777

where this is regarded as a n-cocycle determining a cohomology class in H" (X, wx).
If we denote by U the cup product, (6.1) can be written simply as follows:

dop(y) (D', D?) = tr(n* Ua' —n' Ua?).

Now we recall that, by the choice of the identity section s = 1 of H*(X,wy' @ wy),
we have defined an antisymmetric contravariant 2-tensor #; on P(wy). Its inverse
2-form w; is defined by w; (D', D?) = (D', B{'(D?)).

Using the preceding notations, we have:

wl(DlaDz) = <(a17771)vBl_1(a27772)>
= <(a17 771)7 (042, _772)>
=tr(—a' Un*+ntua?),

hence w; = —dap,y). This shows that w; is precisely the canonical symplectic
structure on P(wx) = T*M'. O

Remark 6.2. We have already seen in Remark 2.14 that, if deg(L) < deg(wx) and
s is a section of wx ® L™1, there is a natural 2-form w, € HY(P(L), AN*T*P(L))
defined by setting

ws(D', D*) = (D', B,(D?)),
where D' and D? are two tangent vector fields on P(L).

Let us consider the 1-form ap(y : P(L) — T*P(L) determined by the global
section (s®,0) of R'q,(C([®,-])). This is the I-form that associates to a point
(E, ) € P(L) the cohomology class of ({s¢i,.._i,_,},0) in HY(C ([¢,"])).

The computations carried out in the proof of Theorem 6.1 can be repeated, almost
unchanged, to prove that w, = —dap(z). It follows, in particular, that w; is a closed
2-form on P(L). However, it is not a symplectic form, in general, because it may
be degenerate.

Now we come to the general case. Let us suppose that L = wy(D;), where Dy
is an effective divisor defined by the non-zero section s. The variety P(L) is the
total space of the vector bundle H = R"1q.(End(€) @ p*L), whose (relative) dual
is H* = R1'q.(End(£) @ p* (L™ @ wx)), which, by abuse of notation, we shall denote
simply by R'q.(End(€) @ Ox(—Dy)).

From the discussion made at the end of Section 5, it follows that the data of
a structure of sheaf of Lie algebras on H* plus a homomorphism v : H* — T M’
satisfying the compatibility condition (5.2), determine a Poisson structure on P(L).

If L = wy this is easy to define. In fact, in this case we have H* = Rlq,(End(£)),
and we have seen that for every section of R'q,(End(€)), represented by a cocycle
{Njo.ir }, there exist differential operators D; such that 7, ;, = Dj, — D,
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By recalling the canonical isomorphism H* = R'q.(End(€)) = TM’, which we
shall take as the homomorphism wu, the Lie algebra structure of M’ can be trans-
ferred to H*. It follows that, if 7} ; = D]l-1 — Djl-o and 77 . = DJQ-1 — DJZO represent
two sections of H*, their Lie bracket is expressed by

(6.2)  [{mjosu 3 {mjp.5 3] = {[D", D%, = [DY, D2} = {[mjo o> D3] + (D)o 5,11
Needless to say, the Poisson structure we obtain in this way on P(wx) is precisely
the canonical symplectic structure on the cotangent bundle T*M’ = P(wy), hence
coincides with the one defined by the antisymmetric contravariant 2-tensor #; (cf.
Theorem 6.1).

In the general case L = wx(D;), the Lie algebra structure on H* can be defined
exactly as in [Bol]. Let us recall briefly this construction here.

From the exact sequences

0— End(E) — DY(E) — ¢TM' — 0

and

0— Ox(—DS) i> OX — ODS — 0,
where the first one is the analogue of (4.2) for the moduli space M’, we obtain a
commutative diagram

TM'® Ox(—D,) — R'q.(End(E) ® Ox(—Dy))

1R

M ~ R'q.(End(E)).

If n* and n? are two global sections of H*, represented by the cocycles {77]1‘07]-1} and
{n2,;,} with values in R'q.(End(€) ® Ox(—Dy)), we have sn} . = D} — D! and

Jo

sny, 5, = D3 — D3, for some differential operators D} and D;.

By recalling the formula (6.2), we are led to consider the cocycle {[sn;, j, , DJQJ +
(DL, sn? ]}, with values in R'q.(End(€)). Since the differential operators are Ox-

Jo?

linear, it follows that {[sn}o,jl,Df-l] + [Djl-o,snjzovjl]} = 3{[77}0,]‘171)]2‘1] + [Djl»o,njz-wl]},

for a well-defined cocycle {[n}, ., D3]+ [DL,n3 ;. 1} with values in R'¢.(End(€) ®
Ox(—D;)). We thus define the Lie bracket of {n; ; } and {n; ; } by setting

[7717 772] = {[?7}0,]'17 Dfl] + [Djlb? T]]2'0,j1]}7
a formula which is formally analogous to (6.2). Since the multiplication by s is
injective at the level of cocycles, it follows that this defines a Lie algebra structure
on ‘H*. Finally, we take as u : H* — T M’ the composition of s : H* — Rlq.(End(£))
with the canonical isomorphism R'q.(End(E)) = TM'. Tt is trivial to verify that u is
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a homomorphism of sheaves of Lie algebras and satisfies the compatibility condition
(5.2).

From this construction we thus obtain a Poisson structure {-,-} on P(L). If we
denote by {-, -} the bracket defined, at the end of Section 2, by the antisymmetric
contravariant 2-tensor 6, we have the following result, whose proof is similar to the
proof of Theorem 4.6.3 of [Bol]:

Theorem 6.3. The bracket {-,-}s coincides with the bracket {-,-}, hence it defines
a Poisson structure on P(L).

Remark 6.4. The family of Poisson structures {-,-}s, parametrized by the global
sections of wy' ® L, is compatible, in the sense that the sum of two Poisson structures
in this family is again a Poisson structure. Precisely, we have {-,-}5, + {-,-}s, =

{'7 '}81+S2’

7. Hicgs BUNDLES AND (n — 1)-CoHOMOLOGY HIGGS PAIRS.

As we have already remarked, if X is a curve and L = wy, the definition of a
(n — 1)-cohomology L-twisted Higgs pair coincides with the definition of a Higgs
bundle, introduced by Hitchin in [Hi]. For higher dimensional varieties, however,
this is not the case. In this section we shall analyze the relationships between the
usual definition of Higgs bundles, as given for example in [S1], and our definition of
(n — 1)-cohomology pairs.

Let us begin by recalling the definition of Higgs bundles on higher dimensional
varieties.

Definition 7.1. A Higgs bundle on an n-dimensional variety X is a pair (F,6)
consisting of a vector bundle E and a homomorphism of vector bundles ¢ : £ —
E ® QY such that 6 A § = 0, considered as a homomorphism from E to F ® Q5.

The integrability condition A @ = 0 implies that to a Higgs bundle (E, ) there
is associated the following Dolbeault complex:

0—E2LEQ 2L E0Q) — -,

whose hypercohomology is called the Dolbeault cohomology with coefficients in F,
denoted by Hj (X, E).

There is an obvious notion of stability for Higgs bundles, obtained by considering,
in the usual definition of stability, only subsheaves F' of E that are fixed by the
Higgs field 0, i.e. such that 6(F) C F ® Q%. In particular, this implies that if F is
a stable vector bundle, then (F,#) is a stable Higgs bundle, for any Higgs field 6.
This definition of stability leads to the construction of moduli spaces of (semi)stable
Higgs bundles on X (see [S2]).

Let us now fix some “moduli data” and denote by M the moduli space of Higgs
bundles (F,f) with F stable. If we drop the integrability condition § A § = 0 in
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the definition of a Higgs bundle, we may construct another moduli space N, para-
metrizing all pairs (£, 0) with E stable and without any condition on @, containing
M as a closed subset.

Let us consider the following complexes:

Cy: 00— End(E) "% end(B) 2 0% % end(B) o 0% 1% ..

and
0
Dy: 0— &nd(E) b, End(E) @ Qy — 0.
By standard infinitesimal deformation computations, analogous to the ones carried
out in [Bol], we can prove that there are canonical identifications

(7.1) T(poM = H'(Cy)
and
(72) T(Eyg)./\/- = HI(DQ)

Moreover, the morphism of complexes C,; — D, defined by

['70]

-0 -0
0 — nd(E) 2 end(B) 2 0k L gna(p) @ 02

~ ~

-0
0 — end(E) " gnd(E) 2 0k - 0 -

induces a homomorphism on the hypercohomology groups

H'(Cy) — H'(Dy),
which, under the identifications (7.1) and (7.2), coincides with the differential of
the natural inclusion M — N

Let us now come to the relationships between the moduli spaces N and P(wy).
The fundamental result is contained in the following proposition:

Proposition 7.2. Let X be an n-dimensional variety and let us fix an ample class
¢ € HY(X,QL). If E is a polystable vector bundle on X with ¢;(E) = c3(E) = 0,
then, for every i, j > 0 with i + j < n, the cup-product with "9 determines an
1somorphism

H{(X,E® W) > H"I(X,EQ Q%).

Proof. This result follows easily from the Lemma 2.6 of [S1]. The vector bundle
E is, in fact, a harmonic bundle, since it is polystable (i.e. a direct sum of stable
bundles of the same slope) and has vanishing first and second Chern classes. Hence
we may apply Simpson’s lemma to the Higgs bundle (E, 0), obtaining isomorphisms

(7.3) Hpo (X, E) = Hpg "(X, E)
giving by cupping with £"7P.
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Since the Higgs field € is zero, the Dolbeault cohomology decomposes as follows:
Hpy (X, B)= @ H'(X,E®Qy),

0<i,j<n
i+i=p
for p = 0,...,2n. By combining this decomposition with the isomorphisms (7.3),
we conclude our proof. n

We recall now that a stable vector bundle £ on X admits a Hermitian-Einstein
metric. The metric induced on End(FE) is again Hermitian-Einstein, hence the
vector bundle End(E) is polystable, obviously with vanishing first Chern class.
From now on we shall also suppose that co(End(E)) = 0, in order to be able to
apply Proposition 7.2 to this vector bundle. We thus obtain an isomorphism

(7.4) H(X,End(E)® QL) 5 H" (X, End(E) ® wy),

given by cupping with "', This, in turn, determines an isomorphism of moduli
spaces

(7.5) N 5 Plwx),

defined by sending a pair (F, 0) to the (n — 1)-cohomology Higgs pair (E,0U&™1).

On the moduli space NV there is a symplectic structure, depending on the choice of
the ample class £ € H'(X,Q%): this is constructed in [Bi] only for the moduli space
M of Higgs bundles, but it is easy to see that an analogous symplectic structure can
be defined on N (needless to say, the symplectic structure constructed by Biswas
on M is then the restriction of the analogous one defined on N). It is now easy
to see that this symplectic structure on A coincides, under the isomorphism (7.5),
with the canonical symplectic structure previously constructed on P(wx), which,
in turn, coincides with the canonical symplectic structure on the cotangent bundle
T*M' (see Theorem 6.1).

8. PARABOLIC BUNDLES.

In this section we discuss the relations between the moduli space P(L), where
L = wx(D) for an effective divisor D, and the moduli space of parabolic vector
bundles, with parabolic structure over D.

Let X be, as usual, a smooth n-dimensional projective variety defined over C,
with a very ample invertible sheaf Ox (1), and let D C X be an effective divisor.
Let L & wx(D) be an invertible sheaf and s € H°(X,wy' ® L) a section defining
the divisor D.

We briefly recall here the definition of a parabolic sheaf, as given in [MY]:

Definition 8.1. A parabolic structure over D on a coherent, torsion-free, Ox-
module F is the data of a filtration

F,: E=F(E)D F(E)D -2 F/(E) > F.(E) = E(-D),
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where E(—D) is the image of E®p, Ox(—D) — FE, and a sequence of real numbers
a, = (a1, ...,qq), called weights, such that

O<o<ay < - <<l

A parabolic sheaf is a coherent, torsion-free, Ox-module E with a parabolic struc-
ture over D.

Given a parabolic sheaf (E, F,, a, ), we define a filtered sheaf F,, for 0 <z <1,
by setting By = F and E, = F;(E) if a;_1 < x < «;, where we have set ag = 0
and a;11 = 1. The definition of E, can also be extended to all z € R by setting
E.v1 = E.(—D).

The filtered sheaf E, = (FE,).cr contains all the data necessary to recover the
original parabolic sheaf (F, F}, a.), hence, in the sequel, it will be convenient to
denote a parabolic sheaf simply by E,. This notation will be particularly useful in
the definition of homomorphisms of parabolic sheaves.

Remark 8.2. Some authors (cf. [B]) define a parabolic structure over D on a sheaf
E as a sequence of subsheaves of F|p

Elp=FL(E)D>FAE)D--- D Fh(E) D FFYE) =0,

together with a system of weights 0 < a1 < ap < --- <y < 1.
Our definition is related to this one by setting

Fy(E) = ker(E — E|p/Fp(E)).
We come now to the definition of homomorphisms of parabolic sheaves.

Definition 8.3. A homomorphism of parabolic sheaves ¢ : E, — F, is a homo-
morphism of Ox-modules ¢ : E — F such that ¢(E,) C F,, for any = € [0, 1].

We shall denote by ParHom(FE,, F,) the sheaf of homomorphisms of parabolic
sheaves from FE, to F,; it is a subsheaf of Hom(E, F).

In order to construct moduli spaces of parabolic sheaves we need, as usual, a
suitable notion of stability. This was introduced in [MY], where moduli spaces of
semistable parabolic sheaves were constructed in great generality. We only state
here the result we shall need in the sequel.

Proposition 8.4. Let us fiz a sequence of real numbers «, = (aq,...,qq) with
0<a; <ay < -+ <o <1, and polynomials H, Hy, ..., H;. Then there exists
a quasi-projective moduli space M, parametrizing isomorphism classes of stable
parabolic vector bundles E, having c, as system of weights and such that the Hilbert
polynomial of E is H and the Hilbert polynomial of E/F; 1 (E) is H;, fori =1,...,1.

By infinitesimal deformation theory (cf. [Y]), it follows that the tangent space
to the moduli space M, at a point E, is canonically isomorphic to the first co-
homology group H'(X,ParHom(E,, E.)). From this, by applying the version of
Serre duality for parabolic vector bundles, proved in [Y, Proposition 3.7], it follows
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that the cotangent space to the moduli space M, at a point E, is canonically

isomorphic to H" (X, ParHom(E,, E,) ® wx(D)), where E, is the filtered sheaf
defined by setting, for any x € [0, 1],

B - E, ?f:ﬂ;«éai,
E if z = q.

Qi1

Remark 8.5. With the notations of Remark 8.2, if the parabolic structure of a vector
bundle E is given by a filtration

Elp=FL(E)D FiE)D--- D Fh(E) D FFYE) =0,

and if F, is the corresponding filtered sheaf, then a section ¢ of ParHom(FE,, E*) is
a homomorphism ¢ : F — E such that ¢|p is nilpotent with respect to the filtration
of E|p given above, i.e., such that ¢|p(Fi(E)) C Fiy'(E), fori=1,...,1.

Unfortunately, the moduli space M,,, is, in general, not smooth hence we shall
restrict to consider its smooth locus M;m Let us denote by 7,,, the cotangent
bundle to the smooth locus of My Tpor = T* M7, By what we have previously
seen, T, can be described as the set of isomorphism classes of pairs (E,, ¢), where

E, € M and ¢ € H" (X, ParHom(E., E,) ® wx(D)).

Being the cotangent bundle to a smooth variety, 7,,, has a canonical symplectic
structure (cf. Example 5.1). This can be described explicitly in a way very similar
to the description of the Poisson structure of P(L) (we refer to [Bol, Section 5] for
the study of the symplectic structure of 7, when X is a curve).

Let (E., ) € Tper As in Section 2, we shall use infinitesimal deformation theory
to describe the tangent space to Tpu, at (F., ¢).

Let U = (U;)ier be a suitable affine open covering of X and let {¢i, .. .}
be a Cech (n — 1)-cocycle in C" (U, ParHom(E,, E,) ® wx (D)) representing the
cohomology class ¢. We define a complex C:, (|-, #]) by setting

par
Ch (-, 0)) = C'(ParHom(E., E,)) & C™"*(ParHom(E., E,) ® wx(D)),
with coboundary d' : C},.([-, ¢]) — Cit!([-, ¢]) given by
(50
(8.1) d' = <[’¢] _5i+n2> ;
where

[, ¢] : C*(ParHom(E,, E,)) — C™" " Y(ParHom(E,, E,) ® wx (D))

is defined as in (2.1).
Now we can state the following result, whose proof is analogous to the proof of
Corollary 2.5:

Proposition 8.6. The tangent space T\, 5 Tpar t0 Tpar at the point (E., ) is canon-
ically isomorphic to H'(C,..([-, 8])).

par
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In order to describe the cotangent spaces to 7,,, we have to “dualize” the preced-
ing construction. The foundamental tool is the version of Serre duality for parabolic
bundles, proved in [Y, Proposition 3.7]. From this it follows that the “dual complex”
of C,,.([,#]) is the complex C, ([¢,]) defined by setting

par
C’;GT([QZS, 1) = C{(ParHom(E,, E,)) & C*"2(ParHom(E,, E,) ® wx (D)),
with coboundary d' : C}.([¢,]) — Cyit([¢,]) given by (cf. Remark 2.7)
; 5t 0
(8:2) d' = (M’ ] _5i+n—2> .

Then we have:

Proposition 8.7. The cotangent space T(E*,é)%ar to Tper at the point (E., @) is

canonically isomorphic to H'(C,,.([¢,-])).

The isomorphism of complexes (—1,1) : C;,.([¢,]) = C,u.([-;¢]), determined

by plus and minus the identity map respectively on ParHom(FE,, E*) ®wx (D) and
on ParHom(E,, E,), determines an isomorphism of cohomology groups (—1,1) :
HY(C,,,([0.°])) = HYC,([-,¢])), hence an isomorphism (—1,1) : (5.5 Tpar =
T(5.,3)Zpar- This is the Hamiltonian isomorphism corresponding to the canonical
symplectic structure of 7,,,,. Precisely, we have the following result, which general-
izes to the higher dimensional case the result proved in [Bol, Theorem 5.2.4], and

whose proof is analogous to the proof of Theorem 6.1:

~

Theorem 8.8. The isomorphisms (—1,1) : T(*E*,&),];W = Tig. 5 Tpar: (E.,p) €
Tpars define a global isomorphism (—1,1) : T*T,0r = TTpar, which, in turn, defines
a symplectic structure on T,,. This symplectic structure is precisely the canonical

symplectic structure of Tpar, considered as the cotangent bundle to M:y.

Remark 8.9. The section s € H°(X,wy' ® L) defining the divisor D determines an
isomorphism s : Ox (D) = wy' ® L from the sheaf of meromorphic functions on X
with poles at D to wy' ® L, given by multiplication by s. This, in turn, determines
the following isomorphisms of sheaves:

s : ParHom(E,, E,) ® wx(D) = ParHom(E,, E,) ® L
and
s : ParHom(E,,E,) ® L' ® wx(D) = ParHom(E,, E,).

By using these isomorphisms, we obtain two isomorphisms of complexes

(1,8) : Copp([- 81) = Crar 1 ([, 1),

and

(87 1) : Obar,L([(b? ]) = C}.Jar([¢7 ])7
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where C,,. 1 ([, ¢]) and Cpar .([¢,]) are the complexes defined by setting
([ @) = CY(ParHom(E,, E,)) & C™*" 2 (ParHom(E,, E,) ® L),

par,L

and 5 .
var,n ([0, ]) = C'(ParHom(E., E.) © L™ @ wx(D))

@ CH"2(ParHom(E,, E,) ® wx (D)),

with the coboundaries defined as in (8.1) and (8.2) respectively.
It follows that we can identity the tangent and cotangent spaces to 7, to the

Y

first cohomology groups of C,,, ;([-,¢]) and C.,, . ([¢,]) respectively: Tz, 4 Tpar =
H1<CparL([ (b])) and T(E*7$)7;GT = fll(C’paquq25 ]))

Finally, using these identifications, it is immediate to see that the Hamiltonian
isomorphism of Theorem 8.8, %7, — 17T, corresponding to the canonical sym-
plectic structure of 7,,,, coincides with the isomorphism induced on the cohomology
groups by the isomorphism of complexes

(_S’ S) : ij;ar,L([qﬁ? ]) - Cpar L([ ¢])
given by multiplication by —s and s respectively on ParHom(E,, E,)@ L' ®@wx (D)
and ParHom(E., E,) ® wx(D).

Let us denote now by 77 the open subset of 7y, consisting of pairs (£, ¢) such
that the underlying vector bundle E to the parabolic bundle E, belongs to the
smooth locus M of the moduli space of stable vector bundles on X.

To a pair (E,,¢) € T2, we can associate the pair (E,¢) € P(L), where, by a
slight abuse of notation, we have denoted by the same symbol ¢ the image of ¢ €
H" Y X, ParHom(FE,, E*) Quwx (D)) in H"Y(X,End(F) ® L) by the map induced
on cohomology by the inclusion ParHom (E,, E,) ® wx (D) C End(E) @ wx(D) =
End(E) ® L. In this way we obtain a morphism f : 7,7 — P(L). The main result,

relating the canonical symplectic structure of 77, to the Poisson structure of P(L)
corresponding to the section s defining the divisor D, is the following:

0

Proposition 8.10. The morphism f : T7,.
Poisson varieties, i.e., it is compatible with the Poisson structures of T

— P(L) is a Poisson morphz’sm of

and P(L).

Proof. 1t is easy to see that, in terms of the identifications of the tangent spaces
L5 Tpar = H' (Cpap ([ 0])) and Tip 5P (L) = H'(C*([-, ¢])), the tangent map to

f at a point (E,, ¢§,

par

f T par - T(E @P(L),
is given by the map Hl( parL([ ])) — Hl(C ([-,#])) induced by the map of com-
plexes C,,. ([-,¢]) — C([-,¢]) determined by the inclusions ParHom(E,, E,) —

End(E) and ParHom(E,, E,)®L — End(E)®L. From this, by recalling the explicit

description of the canonical symplectic structure of 7.7, given in Remark 8.9 and of
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the Poisson structure of P(L) given at the end of Section 2, it follows immediately

that f is a Poisson morphism of Poisson varieties. ]
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