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Abstract

In [3] the tautology problem for Héjek’s Basic Logic BL is proved to be co-
NP-complete by showing that if a formula ¢ is not a tautology of BL then there
exists an integer m > 0, polynomially bounded by the length of ¢, such that ¢
fails to be a tautology in the infinite-valued logic mL corresponding to the ordinal
sum of m copies of the Lukasiewicz t-norm. In this paper we state that if ¢ is not
a tautology of BL then it already fails to be a tautology of a finite set of finite-
valued logics, defined by taking the ordinal sum of m copies of k-valued Lukasiewicz
logics, for effectively determined integers m, k > 0 only depending on polynomial-
time computable features of . This result allows the definition of a calculus for mkL
along the lines of [1, 2], while the analysis of features of functions associated with
formulas of mL constitutes a step toward the characterization of finitely generated
free BL-algebras as algebras of [0, 1]-valued functions.

1 Introduction

A t-norm is a binary operation from [0,1]? into [0,1] that is associative, commutative,
non-decreasing in both arguments, and has 0 as neutral element and 1 as unit. Given
a continuous t-norm =, it is possible to define its associated residuum as the binary
operation ¢ —* y = max{z | z* 2 < y}. We refer to the monograph [7] for further
background. Given any continuous t-norm *, the triangular logic L, is the propositional
logic on the connectives ® and — where © is interpreted as * and — as the associated
residuum —* ([3]). When the restriction of * and —* is closed with respect to a finite
subset S of [0, 1] we can define finite-valued counterparts of the infinite-valued logic L,
over the finite set of truth-values S. In particular in this paper we shall focus on ¢-norms
such that the (n + 1)-valued logic (L), defined over the set S, = {0,1/n,2/n,...,(n—
1)/n, 1} exists for any positive integer n.

The tautology problem of a given triangular logic £, consists in deciding whether a
formula is in the set T'aut(L,) of all formulas taking value 1 in £, under any assignment
of propositional variables in [0, 1].

The language of propositional Héjek’s Basic Logic (BL, for short) [6] contains the
binary connectives ® and —, the constant L. Axioms of BL are:

Al (¢ =) = (v = V) = (p = V) A2 (pOY) — ¢
A3 (pOY) — (YO ) Mpo(p—9) = WO W — )
Aa (¢ — (v = 0)) = (g ©YP) — V) A5b (00 Y) = 0) = (¢ — (¥ — 1))

A6 ((p—9) =) = (b =) =0) =) ATL—9p

and Modus Ponens is the only inference rule.
BL is the logic of all continuous ¢-norms and their residua [4]. That is, tautologies of
Basic logic are exactly the formulas belonging to Taut(L,) for all continuous ¢-norms x*.
The class of all algebraic models of BL forms a variety BL of algebras called BL-
algebras. BL includes properly the class of algebras of continuous ¢-norms.



We observe that a unary connective of negation can be defined as —p = ¢ — L. If
we consider — as primitive and replace axiom A7 by

AT = —1p) =

we obtain an equivalent axiomatization of BL where the primitive set of connectives is
{®, —,—} instead of {®, —, L}. We recall that in each triangular logic and in BL, the
lattice operations of minimum and maximum can be introduced as the interpretation of
derived connectives respectively denoted by A and V.

In the case of some t-norms * the axiomatization and the tautology problem of the
corresponding triangular logic £, has been successfully addressed: axiomatic systems
of Lukasiewicz (L), Product (IT) and Godel (G) logic (corresponding to Lukasiewicz,
product and minimum t-norms) are obtained by adding suitable axioms to A1—AT
([6]), while the complexity of the tautology problem is shown to be co-NP-complete by
showing that for any formula which is not a tautology a suitably small countermodel
always exists [9, 6, 3].

Finding a countermodel for a formula ¢ in £, amounts to finding an assignment to
propositional variables giving ¢ a value less than 1. Analogously, finding a countermodel
for BL means finding a continuous t-norm * and a countermodel for ¢ in L,.

In [3] it is proved that if a formula ¢ is not a tautology of BL then there exists
a suitably bounded integer m > 0 such that ¢ is not a tautology of the logic mkL
corresponding to m ordinal copies of Lukasiewicz t-norm. This result, together with the
co-NP containment of Lukasiewicz logic [9], allows to prove that the tautology problem
for BL is in co-NP, and co-NP-completeness follows from an easy reduction argument.

In [9] it is shown that when a Lukasiewicz formula ¢ is not a tautology then ¢ fails
to be a tautology of a finite-valued Lukasiewicz logic with a number of truth-values
that is polynomially bounded by the length of ¢. The bound given in [9] has been
improved in [1], and similar bounds are established also for some other triangular logics
[2]. These results allows to use calculi for finite-valued logics to prove whether a formula
is a tautology of their infinite-valued counterpart and and to find small countermodels
if the formula is not a tautology.

In this paper we shall introduce finite-valued counterparts mby for the logics mbL and
we shall state that when a formula is not a tautology of BL then it already fails to be
a tautology of some finite-valued logic mby (with mk + 1 truth-values). Moreover, we
shall give a polynomial bound b,,;,(¢) on mk in terms of the length and the number of
different variables of . In terms of countermodels this means that in case ¢ is not a
tautology we can effectively find a countermodel assigning variables of ¢ in the set Sy
for d < b,,,1.(¢).

The paper is organized as follows: In the following section we shall introduce mt and
its finitely valued counterparts mLj;. We shall also introduce some other infinitely valued
propositional logics and their finitely valued counterparts. All other necessary definitions
are given. In Section 3 we focus on the notion of minimal countermodel upper bound
and we state some results on the logics introduced in Section 2. Section 4 contains the
main results of the paper and it is divided in two parts: in the first one we address the
problem of finding finite countermodels for formulas in mL, in the second one we use
some features of functions associated with formulas of mL to determine the number m
of pieces in the ordinal sum of Lukasiewicz ¢t-norm needed to obtain countermodels for
BL. The desired conclusion follows from putting together these last two results.

2 Preliminaries

In this paper we shall consider some infinitely valued propositional triangular logics £
in which the set of truth values is the unit interval of the real line [0,1]. We shall also



make use of their finitely valued counterparts £, (which always exist for the logics we
shall deal with), where the set of truth-values is a finite subset of [0, 1] of the form

1 -1
Sn:{077"'7n 71}7
n n

for 1 < n € Z and the interpretation of connectives is restricted to .5,,. We explicitly
observe that the truth-value set S,, gives a (n 4 1)-valued logic.

The set of connectives for all the logic we shall consider will always be a subset of
Conn ={®, —,—,~, L}, where ®, — are binary connectives, -, ~ are unary connectives
and L is a constant. The set of formulas constructed starting from Conn and the propo-
sitional variables X7, Xs,..., X,,..., will be denoted by Form. Henceforth, different
occurrences of the same subformula in ¢ shall be considered as different subformulas.

Let ¢ be any formula built on the set of connectives Conn. By var(y) we denote the
set of variables occurring in ¢. For each X; € var(p), let #(X;,¢) be the number of
occurrences of X; in ¢, inductively defined as follows:

-If o = X, then #(X;,¢) = 1. If ¢ = X for some j # i, then #(X;,¢) = 0.

- #(X;, L) =0.

- If o is a unary connective, then #(X;,o0) = #(X;, ¥).

- If % is a binary connective, then #(X;, ¥ x 9) = #(X;,¥) + #(X;,9).

Then the length of ¢, that is the total number of occurrences of variables in ¢, is given
by: #(p) == > #(Xi,9).
X;€evar(p)

A propositional logic £ is determined by a set S of truth values, by a subset of Conn
and by a set of functions interpreting connectives in Conn as follows: If * is a connective
of arity v(x), by *£ : [0,1]**) — [0, 1] we mean the function interpreting it in L.

Truth tables p* of formulas ¢ in £ are inductively given by

Xiﬁ(xlvﬂwxn) = I
1% = 0
(ng)ﬁ(x17,_,7x,n) = Oﬁwﬁ(l'l,...,xn)
(1% @2) (a1, m) = ©F(xy,. .. z0) %5 o5 (21,...,xp)
where |var(p)| =n and (21, ..., z,) € S", 0 € {—,~} and * € {D, —}.

Notice that the interpretation of L is the function identically 0 in all logics considered
in this paper.

A formula ¢ is a tautology of £ if and only if ¢* is the function identically equal to
1.

Lukasiewicz infinite-valued logic L is obtained adding to BL the axiom of double
negation ——¢ — . Its semantics is given by interpreting ® by the Lukasiewicz t-norm
and — by its residuum:

oYy =max(0,z+y—1), z—-Fy=min(1,1-z+y) and-tz=1-z.

The infinite-valued logic L ; includes the symbol L among its primitive connectives. Note
that if ¢ is a formula of L then it is a tautology of L if and only if it is a tautology of L. .
On the other hand, for any formula v of L, let 1)’ be obtained from 1 by substituting
each occurrence of L by —(¢ — (), for ¢ an arbitrarily chosen formula. Then ¢ is a
tautology of L if and only if ¢’ is a tautology of L.

Godel infinite-valued logic G is an extension of BL logic by the additional axiom
© — (p ® p) stating idempotency of the t-norm. Formulas of Gddel logic are built from
connectives ®, — and ~ (here we use ~ instead of — to denote the negation connective,



the reasons for this choice will be made clear when defining L + G) that are interpreted
for every z,y € [0, 1], by

R B A e (I i
The infinite-valued logic L + G is defined from connectives ®,—, -, ~ interpreted
respectively as ©F, —F b ~G  Godel implication —C can then be defined as the in-
terpretation of the derived connective ¢ = b := —=(= ~ =(¢ — ) ® =)). Analogously
we can define Baaz’s unary connective A as Agp :=~ —p. Recall that Az =1ifx =1
while Az = 0 otherwise.

Logic L) + G is obtained adding 1 as primitive connective to L 4+ G.

Finite-valued logics: Each logic £ introduced above admits (n+1)-valued counterparts
L, for each integer n > 1, that are obtained by restricting interpretation of connectives
to the set S,.

Definition 2.1 Let m be a positive integer number. For every i =1,...,m — 1 let
,—1 4 —1
e RE) wa =Mt

m ' m m

and let ¢! : [0,1] — cl(I/™) be the resizing function defined by
i—1 =z
Jzn(l') = + )
m m

where cl(S) denotes the topological closure of the set S. Note that o is a bijective
function and for every y € cl(I), (6™)~(y) = my — i + 1. Further, let us denote by
777 the function from cl(f;) to cl(I;) obtained by the composition ¢} (a7") "

For z,y € I'" let
2Oy =o' (o) (z) O" (07") " (v))

and

z =7y =0l (o) (z) = (67") ().
The logic mL (the triangular logic corresponding to the ¢t-norm given by ordinal sum
of m copies of Lukasiewicz t-norm) is built from connectives ®, — and — interpreted in

the following way: for every z,y € [0, 1]

. 1 ifrx<y
m f I; o=
T O™y = xQﬁy 1x,y§ i —My=¢ z-"y fzyel;andz >y
min(z,y) otherwise -
Y otherwise
1 ifx=20
-Mr=x->"0= %—aﬁ if0<x§%
0 otherwise.

Compare this definition with [3, 7, 8].

In this paper we shall deal with the (mn + 1)-valued logics mkL,, given by m many
copies of L,. That is mlL,, is obtained by restricting the interpretation of connectives
@™, —™ and =™ in mL, to Spm,.

Notice that finite-valued counterparts of mL are, for any choice of positive integers
N1,...,Nm, the logics L, Wh,, ¥--- WL, , with 1+ Z?ll n; truth-values, where the ith
component in the ordinal sum is a copy (suitably resized) of L,,,. Existence of all these
logics can be easily proved.

Let ¢ be a formula with |var(¢)| =n and let £ € {L,L,,G, L+ G, L, + G} U{mL |
0 < m € Z} be an infinite-valued logic. A set @ of polyhedra is linearly adequate for ¢
in L if it satisfies the following conditions:



e JQ=10,1]".

e For each k € {1,...,n}, for each open k-dimensional polyhedron P in @ the func-
tion * is linear over P.

A polyhedral complex C is a set of polyhedra such that

e If A € C then all faces of A belong to C.
e If A, B € C then AN B is both a face of A and B.

Each polyhedron in C is called a cell of C. Let 0 < k < n be integers such that n is the
maximum dimension of cells in C. The set of all k-dimensional cells of C' is denoted C'*®).
Then, the set of all vertices of polyhedra in C' is denoted C(?). A polyhedral complex C
with all of its cells € R™ is rational when C'(© c Q™.

By a standard argument every finite set of polyhedra @@ with all rational vertices
can be transformed, by subdividing a finite number of its polyhedra with splitting hy-
perplanes, into a rational polyhedral complex, without adding any new vertex. Then
from now on we shall deal only with (rational) polyhedral complexes linearly adequate
to formulas.

Note that if C' is a polyhedral complex linearly adequate for ¢ in £, and @* = ¢*,
then C is linearly adequate for ).

For each polyhedron P we shall denote by relint P its relative interior. Note that
each point p € P either is a vertex of P or lies in relint F for a unique face F of P (recall
that P is a face of itself).

Ifpe(0,1]]NnQ)", and p = (r1/51,...,7Tn/sn) where r; and s; are in irreducible
form, (i.e., ged(r;, ;) = 1 and s; > 0) for every i = 1,...,n, then the denominator of p
is

den(p) = lem(sy, ..., Sn),

where lem denotes lowest common multiple.

If ai1/by...an/b, € [0,1] are distinct rational numbers in irreducible form, then
their Farey mediant is the rational number (a; + ...+ a,)/(b1 4+ ...+ by). The Farey
mediant of affinely independent points x1,...,x, € Q™ with m > u — 1, is obtained by
coordinatewise application of the Farey mediant to components of X1, ..., X,.

Note that the Farey mediant of xi,...,x, is a proper (i.e., different from each
X1,...,X,) convex combination of such points and its denominator is < >3 | den(x;).

3 Bounds on the cardinality of countermodels

For each infinite-valued logic £ introduced in the previous section and for each formulas
o that is not a tautology of L, we are interested in finding small countermodels for
@ in L. Actually we would like to find a countermodel which assigns to propositional
variables values in Sy for d as small as possible. This is equivalent, in our setting, to find
a (d + 1)-valued logic £, in which ¢ already fails to be a tautology.

Definition 3.1 A function b, : Form — N is an upper bound on the minimal cardi-
nality of countermodels, or a minimal countermodel upper bound (m.c.u.b., for short) for
L, if for every formula ¢ € Form, ¢ is a tautology in L if and only if for every integer
0 <n<bc(p), ¢ is a tautology of L,,.

To verify that a formula ¢ in at most n variables is not a tautology of £ we have
to find a point x € [0,1]" such that ¢*(x) < 1. For Lukasiewicz logic we know [9, 1],
that the point x can be chosen as a vertex of a cell of some rational polyhedral complex
linearly adequate to ¢ in L. For Gédel logic [2] the lack of continuity of the function
~S and of —% implies that our search of the desired x cannot be restricted to vertices
of cells of a rational polyhedral complex linearly adequate to ¢ in G. In this case,



for piecewise linearity, we may have to choose x as an arbitrary point in the relative
interior of some cell. We can find such a point as the Farey mediant of the vertices of
that cell (observe that given a rational point x we can always find a rational polyhedral
complex linearly adequate for ¢ in G having x among its vertices, since we only need
to introduce sufficiently many (boundaries of) cells that may split regions where ¢ is
linear). Hence, in order to give an estimation of the minimal countermodel upper bound
for a formula ¢ in each of those two logics, we have to single out those points that occur
as vertices of cells or arise as Farey mediants of affinely independent sets of vertices in
all rational polyhedral complexes linearly adequate for ¢. Then, the maximum value of
denominators of those points yields a minimal countermodel upper bound.

We shall extend this approach also to all the other logics considered in the paper.
That is, given £ we shall find functions b (and rational linearly adequate polyhedral
complexes Cr ) such that den(p) < bz(p) holds for each p € C%(¢). This kind of
m.c.u.b. will be called a vertex upper bound (v.u.b., for short). From now on we shall
focus on v.u.b.’s only.

In the following theorem we collect to this purpose some old and new results.

Theorem 3.2 Let n = |var(p)|.
(i) by, () = (#)n is a v.u.b. for ¢ in L.
(i) ba(p) :==n+11s a v.u.b. for ¢ in G.
(i11) by a(p) == (n+1) (%)n is a v.u.b. for ¢ in L+ G.

(iv) Suppose a v.u.b. by (p) for L is a function non-decreasing both in #¢ and in n.
Then by, q(p) == (n+ 1)bg,(¢) is a v.u.b. for ¢ in L+ G.

(v) by, () :=by(p) is a v.u.b. for p in Ly and by, () == bric(p) is a v.u.b. for
pimb; +G.

(i) is proved in [1]. (ii) is well known and can be found in [6]. Clearly (i) and (iv) implies
(iii). (iv) will descend immediately from the following Lemma 3.3, after an application
of the Farey mediant to vertices of cells to get points in the relative interior of them (this
last step is needed for continuity of ¢t over closed cells is not granted). (v) follows
from Remark 3.6.

Lemma 3.3 Suppose a v.u.b. by, () for L is a function non decreasing both in #¢ and
in n = |var(p)|.
For any formula ¢ there is a rational polyhedral complex Cy, . q(p) linearly adequate

for ¢ in L+ G such that each vertex p € cl®

Lt () has denominator bounded by by, ().

Remark 3.4 The v.u.b. in 3.2.(ii) is known to be sharp, and it admits a simple proof
not using the geometric machinery of denominators of vertices of cells exploited here for
the other logics under consideration. However, this machinery is shown to work also for
G in [2], where it is applied also to have a v.u.b. by for product logic, and to v.u.b.’s for
logics defined by further combinations of connectives. The proof of 3.2.(iii) was sketched
in [2] for a language admitting a second implication =, interpreted as —G as a primitive
connective. A simple adaptation of Lemma 3.3 proves (iii) when = is included among
the primitive connectives. As far as the m.c.u.b. for L is concerned, the first author has
recently announced that it can be lowered to by, (¢) < #(p). The method achieving this
result is significantly different from the one here concerned and it does not rely directly
on denominators of vertices of cells.

Definition 3.5 Let ¥ be an occurrence of a subformula of ¢ and ¢ an arbitrary for-
mula. Then we denote by ¢[i/9] the formula obtained from ¢ by substituting the single



occurrence ¢ with 9. The pair [¢0/9] will denote the substitution of the occurrence
1 with the formula 9. Let o be the formula obtained from ¢ by repeated appli-
cations of substitutions in the set {[~ L/=L],[-=L/1],[~ -L/1],[L @ ¢/Ll],[¢ ®
L/ L = /=L [ — L/ =L op/Y], [ © ~L/d] [ — —~L/=L], [-L — ¢/y] |
1 occurrence of subformula of ¢ } until either o contains no more occurrences of L, or
ot is L or L.

Remark 3.6 Observe that the application to ¢ of the sequence of substitutions in Defi-
nition 3.5 terminates after a finite number of steps, in whichever order and to whichever
occurrences the substitutions are applied, always producing the same formula p*. Fur-
ther, notice that #(¢) < #(p) and (p1)bL+6 = phL+G,

Example 3.7 Consider the formula ¢ := (=L — ¢)® ~ (=L © (9 ® 1)), where ¢ and
1 are arbitrary formulas containing no occurrences of L. Then

pl-L—=y/Y] = Yo~ (-Llo@ol))
YO~ (—Lo@Wol) e l/l] = vo~(—-Lol)
YO~ (—Lol)-Lleol/l] = vo~L1
YO~ L~ L/~1] = YpoO-L
YO-Lpo-L/y] = ¢ ="

Applying substitutions in a different order: ¢+ = p[-L o (I o L)/9© L][¥ o L/1][~
L/~U(EL =) o-L/~L =91 = ¢/y] = ¢

4 Main results

We fix a formula ¢ with n variables and we study the function o™ : [0,1]* — [0, 1].

Let 7 be a function from the set of indexes of variables {1,...,n} to theset {1,...,m}.
We will use the following notation

m

Dr =17y % .. x I,

to denote a region of [0, 1]”. Further we denote by D, the region I x ... x I for every
t=1,...,n. Note that if ¢ < j, then every point (z1,...,z,) € D, is such that for every
ren (i) and s € 7 1(4), z, < x4 (With equality only if i = j — 1 and x4 = i/m = x,.).

We can extend the functions 07" and 7;7 of Definition 2.1 to the n-dimensional case.
Since m is fixed for all the section, we shall write o; and 7;; instead of 07" and 7;}'. For
any m:{1,...,n} = {1,...,m} let o, : [0,1]" — D, be defined by

J.,r(ml, . ,xn) = (Jﬂ.(l)(l’l), ey O'ﬂ,(n)(xn))

for any (z1,...,z,) € [0,1]™. If 7 is the function mapping every j € {1,...,n} in ¢, then
o will be denoted by o).
For any 7,n" : {1,...,n} — {1,...,m}, let Tnn : Dy — Dy be defined by

T7T7l"(‘r17 v 7xn) = (Tﬂ'(l)ﬂ"(l)('rl)a cee 7Tﬂ(n)7'r’(n) (xn))

Take two values € I; U {0,1} and y € I; U {0,1} with ¢ # j. We observe that
we can always find a substitution of either x or y with 0 or 1 in the expression z @™ y
without changing its value. The same applies to & —™ y. Then, for each x € [0, 1]", the
value of ¢ (x) only depends on variables occurring in one set 7= (k). This justifies
the following definition which will be used to state some lemmas in the sequel.

Definition 4.1 Let ¢ be a formula with variables among Xi,...,X,. For every i €
{1,...,m} let 61,...,6; be all the maximal occurrences of subformulas of ¢ containing



only variables whose indexes are not in 7~!(i). For any 8 = (31,...,03,) € {L,—~1}4,
we denote by ¢, 5 the formula (¢l01/B1] - [0; /B1])*" obtained from ¢ by substituting
the occurrence 0;- with 3; for all j € {1,...,1;}, and by taking off the connective L as
specified in Definition 3.5. Notice that the only variables appearing in ©i3 have indexes
in 771(7).

Further, let k; ; be the total number of occurrences of — in 9} and ¥ = (1, -, Vk,,)
be a ki j-tuple in {—,~}*7. Then the formula (0?)7 is obtained from 6 by substi-
tuting the hth occurrence of — (according to some fixed order, say leftmost first, for
concreteness) with ~y,, for each h € {1,...,k}.

Finally, let ¢~ denote the formula obtained from ¢ by substituting every occurrence
of = with ~. That is, ¢~ is the formula obtained from ¢ by applying the substitution
[-1/ ~ 9] to every occurrence of subformulas of ¢ of the form —).

Observe that ¢, 5 and ¢~ are always not longer than ¢.

Example 4.2 Let ¢ = (X3 ® -X2) — (X2 © X1) — (X1 © X3) — X3)) and let
m:{1,2,3} — {1,2,3,4} be defined by (1) = 1, (2) = 1, 7(3) = 4. Then we have
Dy=1I xI); x Iy and 7= 1(1) = {1,2}, 77 }(2) =7 1(3) = 0, 7~ 1(4) = {3} and

9% = X3 as the occurrence in X35 ® =X 9% = X3 as the occurrence in X; ® X3.

9411:_\X2 9§:X2®X1

t9§ = X, as the occurrence in X7 ® X3 92‘1‘ = X, as the last occurrence of Xj.

Further:

ol07/-1] (X30-1) = (X2 = X1) — ((X1 0 X3) — X1)
elt3/1] = (X30-X3) — (L — (X1 0X3) — X))
elb3/1] = (X30-X3) — (X2 = X1) — (L © X3) — X1)
pl01/1] = (X30-X3) — (X2 = X1) = (X1 © X3) — 1).
If we put 3 = (-1, 1, L, 1) then

015 =((X30-1) = ~(L — (LOXs) = 1)) =-X;

and the only variables appearing in ¢, 5 have indexes in 7 1(1) (i.e., X3). Note also

Prg =~ X

4.1 Countermodels for ml

In this section we shall give an estimation of a v.u.b. b,,;, for mL. In order to do that, we
have to study the function ame. In the following lemma we establish a relation between
formulas of mL and of L; + G. Fori=1,...,m,j=1,...,1;, letl;, 5, k ijs 05, (91)”Y be
as in Definition 4.1.

Lemma 4.3 Let S C D, be a k-dimensional cell of a linearly adequate polyhedral com-
plex C,,1,(@) for ¢ in mL, for some k € {0,...,n} and some w. Then @™ | relint S
depends only on variables (having indexes) in w=1(j) for a unique j € {1,...,m}.
Lemma 4.4 If x € D, then ¢™F(x) € Uj=1 Ix(j) U {0, 1} Further, if e (x) € I,
there exists 3 such that

mbL o \L
P(x) = 03((955) " T o7 ()
where QOTB = ¢y 5, while 4,0;’5 = cpiNE, fori>1.
Note the special role played by the set 7~ 1(1), due to the different behaviour of

negation in the two intervals [0,1/m) and [1/m, 1].
We are in a position to describe cells of C,,1,(¢):



Lemma 4.5 Let Cy,(p) be a rational polyhedral complex linearly adequate to ¢ in L.
Then there exists a rational polyhedral complex C,,1,() linearly adequate to ¢ in mL
such that:

9 () N Dy = o1y (CV ()

Lemma 4.6 For any formula ¢ of mkb, let ¢~ be defined as in Definition 4.1. Let
Cric(¢™) be a rational polyhedral complex linearly adequate to ¢~ in L+G. Then there
exists a rational polyhedral complex C,,1,(p) linearly adequate to ¢ in mL such that:

Ci (9) N D; = 03y (CL) (7)),
for each i€ {2,...,m}.

Lemmas 4.5 and 4.6 are special cases of the following Lemma 4.7. Indeed, consider
a region D, not on the main diagonal (that is 7 is such that there exist at least two
indexes hy,he with w(hy) # w(h2)). Applying Lemma 4.3 to each k-dimensional cell
S C D, of a suitably determined rational polyhedral complex C,,1,(¢) linearly adequate
to ¢, we have that D, is partitioned by {Ry,..., R,,}, where each R; is the union of
a finite number of cells of C,,,(¢) with the property that ©™ 1 R; depends only on
variables occurring in 7=1(4). (In Lemmas 4.5 and 4.6 we have that exactly one R; is
not empty and coincides with D). Then we can find each vertex of C’Sj}l (¢) N Dy not
lying on the border of some R;, as vertex of a polyhedral complex linearly adequate to
some ¢, 7 in L, + G, after resizing through o and correctly interpreting negation as
= or ~. We need to account for the remaining vertices that may arise at the border
of regions R;: to accomplish this we take the conjunction of 90;3 with a formula whose

interpretation in L, + G vanishes outside o (R;) while is 1 over the subset of oY (R;)
where ai((gag’ﬁ)LﬁrG(a;l(x))) = ¢™b(x). This formula is obtained as the conjunction
of the formulas 9;, which were pruned off to build ¢, 5, suitably combined with Godel
negation ~ and Baaz’s A.

Lemma 4.7 Let ¢ be any formula of mbL. For each inder i € {1,...,m}, for each
B, 7 as in Definition 4.1 and for each ¢ € {~, A, = ~, A}, let C; 570 e a rational
polyhedral complex linearly adequate to

l;

isime = 950 Qo))

j=1
in L, + G, where <p‘1’ 3= P15 while 90:3 = (piNB, for i > 1. Then there exists a rational
polyhedral complex Cffﬁ((p) linearly adequate to ¢ in mL such that, for each m and for
each vertex p € CT(:})J(QO) N D, there exists an index i € {1,...,m} and 3,7, o such that

-1 (0)
o (p) € Ciﬁﬁ,@'

Theorem 4.8 Suppose a v.u.b. by, (p) for L is a function non-decreasing both in #¢
and in n. Then b,,1,(¢) := m(n+ 1)by,(p) is a v.u.b. for mL.

Note that each formula wiﬁi o is not longer than ¢. Then Theorem 4.8 follows from
Lemma 4.7 and Theorem 3.2.(iv) and (v).

Example 4.9 Consider the formula —=(X; ® X7) ® X3 in 2L. Then for each x € D; we
have p?¥(x) = oy (QOL(O'(S (x))), while p?!(x) = 0 for all x € Dy U (I3 x I;). The region
D, = I x Iy is split into two cells: for all (x1,22) € D, with 21 < 1/4 we have that
<p2L(x1,x2) = x9; for all (z1,22) € D, with z; > 1/4 we have @2L(x1,x2) =1/2 — x4,
which can be equivalently expressed as o1 (—(X; ® X;)¥+ 76 (621 (x,))). Finally, observe
that the vertices (1/4,1/2) and (1/4,1) arise as vertices of C*++G (X0 ~ =(=(X; ©
X1))), suitably resized through o.



4.2 On the interdependence among the D,’s

We stipulate an equivalence relation between the regions D.

Definition 4.10 Two functions 7, 7' : {1,...,n} — {1,...,m} are equivalent if
o 7 H(1) =""1(D),

e For every i,j € {1,...,n}, 7(i) < w(j) if and only if #’(¢) < #'(j) and (i) = 7 (j)
if and only if 7/ () = 7'(j).

Two regions D, and D, are equivalent if 7 and 7’ are equivalent.

Example 4.11 The set I, x I3 x I3 is equivalent to Ig x I3 X I5, but it is not equivalent
to any of the following: I x Iy X I3, Iy X I1 X I3, Iy X Is X I5.

Lemma 4.12 If m and 7' are equivalent then for every x € D,

mL(

o if @mL(x) € I, then Tﬂ(i)ﬂ/(i)(gom}‘(x)) = " (T (X)),

o if oM (x) =be {0,1}, then o™ (T (x)) = b.

Lemma 4.12 states that the behaviour of ¢ over different D, ’s is not independent.
Actually, the only thing that matters in this context, besides the different behaviour of
negation over I; with respect to all other I, is the relative ordering of indexes of variables
given by each 7. When 7 and 7’ are equivalent in this sense (see Definition 4.10) then
<me is substantially the same function over D, and over D, in the sense made precise
by Lemma 4.12.

We are ready to sum up our results:

Theorem 4.13 Let n = |var(p)|. For every m > n+ 1 a formula ¢ is a tautology of
mL if and only if it is a tautology of (n + 1)L (compare with [3, 8]).

To prove Theorem 4.13 we have to show that any region D, with some index 7(#) > n+1
bears no significant new information with respect to the rest of [0,1]™. More precisely,
by Lemma 4.12 this amounts to verifying that for each such 7 there exists a @ with all
indexes 7(j) < n+ 1 that is equivalent, in the sense of Definition 4.10, to .

Observe that the n many variables occurring in ¢ can be distributed over at most
n many non-empty intervals I;. Since we have to distinguish cases when 7~%(1) is non-
empty from cases when it is empty, we have to consider at most n 4 1 different indexes,
the worst case being 771(1) = () and all other 7~1(j) being singletons. We can conclude
that each 7 is equivalent to some 7 such that #71(j) is empty for all j € {n+2,...,m}.

Example 4.14 Consider formulas in 3L with at most 2 variables. Then the 9 different
regions D, in which [0, 1]? is subdivided constitutes 6 different equivalence classes in the
sense of Definition 4.10:

{Dl}, {DQ,Dg}, {Il X 12,11 X Ig}, {IQ X 13}, {IQ X 11713 X Il}, {I3 X IQ}

Then in case ¢(X1,X5) is a tautology of 2L, but not of 3L, all countermodels must
lie in (I3 x I3) U (I3 X I3). For instance, the formula (((X; V X3) — X3) — X3) —
(X1 V (——X2 — X5)) is a 2L-tautology but not a 3E-tautology, and hence it is not a
tautology of BL. All of its countermodels for 3L lie in I3 x I. For each 3 < k € Z, each
one of the k? different regions in which [0, 1]? is subdivided for kL belongs to one of 6
different classes whose representatives are Dy, Do, Iy X Iy, Is X 13,15 x I1,I3 x I5. If a
formula in two variables is a 3L-tautology then it is a kL tautology for each 0 < k € Z,
and a BL-tautology as well.

From Theorem 4.13 and Theorem 4.8 we have:



Theorem 4.15 Suppose a v.u.b. by, () for L is a function non-decreasing both in #¢
and in n. Then a formula ¢ is a tautology of BL if and only if it is a tautology of every
logic (n + 1)Ly for all positive integers k < (n + 1)by,(¢).

Applying Theorem 3.2.(iii) we can conclude: k < (n + 1) (%) .

4.3 Final Remarks

As is well known, if an algebra A in a variety V generates the variety of all n-generated
algebras in V), then the free algebra of V on n generators is precisely the subalgebra of
AA" generated by the projections. From Theorem 4.13 it follows that the free BL-algebra
BL,, over n generators is given by the set of functions Lp(”+1)L equipped with pointwise
defined operations. To give a concrete representation of BL, we have to fully describe
the class of functions associated with formulas. Our results in the present paper describe
a class of piecewise linear functions properly containing all functions in BL,,. This can be
considered as a first step towards the functional representation of BL,,. Future work will
be concerned with the identification of all remaining constraints and interdependences
existing among the restrictions of o™t to the regions D,.. We recall that in [8] there is
a full description of BL; as an algebra of functions from [0, 2] to [0, 2], which is, modulo
resizing to [0, 1] of range and domain, consistent with our results.

As it is shown in [5] one can routinely define a sufficient set of rules to set up sound
and complete set-of-signs tableau calculi [5] or multi-component sequent calculi [1, 2]
for all finite-valued triangular logics. In particular one can develop a family {Cy, x |
0 < m,k € Z} of calculi for the logics mbLg. Adapting the approach in [1, 2], by
using the finite-valued calculi {C,, x} and by keeping track of the number of occurring
variables and of the length of formulas to be proved, as specified in Theorem 4.15, one
can straightforwardly define a sequent calculus sound and complete for BL. Details shall
be given elsewhere.
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